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PROJECTION  OPERATOR  METHOD  FOR  THE  SU(2)  CLEBSCH-GORDAN 
COEFFICIENTS  AND  MAP  OF  EVEN  SPIN-TENSORS  INTO  TENSORS 
AND  FUNCTIONS  ON  EUCLIDEAN  3-SPACE  IN  THE  THEORY  OF  SU(2) 

By 

Rong  Chfoo  Hwang 
June,  1976 

Chairman:  Charles  P.  Luehr 
Major  Department:  Mathematics 

Clebsch-Gordan  coefficients  have  been  used  in  quantum  physics  to 
accomplish  the  addition  of  angular  momenta.  More  recently,  the  Clebsch- 
Gordan  coefficients  for  SU(3),  SU(6)  and  other  groups  have  been  used  in 
the  theory  of  elementary  particles.  In  this  presentation,  we  emphasize 
more  the  mathematical  methods  related  to  the  derivation  of  the  Clebsch- 
Gordan  coefficients,  rather  than  the  coefficients  themselves.  A direct 
procedure  is  given  for  obtaining  the  canonical  basis  of  the  tensor  product 
of  two  irreducible  representations  of  SU(2)  without  using  these 
coefficients.  The  Clebsch-Gordan  coefficients  are  then  derived  from  these 
results  only  as  an  afterthought. 

The  first  chapter  is  devoted  to  giving  a complete  discussion,  mainly 
quoted  from  C.P.  Luehr' s notes  (not  published),  of  how  to  derive  the 
Clebsch-Gordan  coefficients.  Then  the  normalized  canonical  basis  for  the 
irreducible  representations  contained  in  the  tensor  product  of  two 
irreducible  representations  of  SU(2)  are  found.  This  is  accomplished  by 
a direct  construction  in  spin-tensor  spaces  (tensor  spaces  associated 
with  the  two  dimensional  unitary  space).  The  method  is  completely 


algebraic,  involving  only  tensor  operations  and  calculations  with 
projection  operators  contained  in  the  group  algebras  of  the  permutation 
groups.  Along  with  this,  one  of  the  main  new  results,  called  the 
Inner  Product  Theorem  is  proved.  This  theorem  relates  the  inner 
products  in  a certain  tensor  space  with  the  inner  product  in  the  image 
space  under  the  principal  map  used  in  the  construction  of  the  canonical 
basis. 

In  the  second  chapter,  the  spin- tensor  formulation  of  the  repre- 
sentation theory  of  SU(2)  is  related  to  two  other  formulations  hy 
investigating  maps  which  relate  the  algebra  of  symmetric  even  spin- 
tensors  to  the  algebra  of  symmetric  traceless  tensors  on  Euclidean 
3-space  and  the  analysis  of  homogeneous  harmonic  functions  on  Euclidean 
3-space.  Projection  operators  onto  the  subspaces  of  symmetric  spin  tensors 
are  mapped  into  projection  operators  onto  subspaces  of  symmetric  traceless 
tensors.  A theorem  is  proved  which  relates  the  inner  products  of  elements 
in  the  domains  with  the  corresponding  inner  products  of  their  images  under 
these  maps.  Starting  with  suitable  bases  in  the  spin-tensor  spaces,  these 
maps  produce  bases  in  the  tensor  and  function  spaces.  The  last  mentioned 
bases  are  the  spherical  harmonics. 

It  is  hoped  that  the  present  approach  over  the  three  different 
spaces,  though  far  from  being  comprehensive,  may  provide  an  additional 
basis  for  such  comparative  studies. 


CHAPTER  1 


PROJECTION  OPERATOR  METHOD 
FOR  THE  SU(2)  CLEBSCH-GORDAN  COEFFICIENTS 

The  Unitary  Space 

The  space  is  a two  dimensional  unitary  space,  i.e.,  it  is  a 
two  dimensional  vector  space  over  the  field  C of  complex  numbers  with 
an  inner  product  <u|v>,  which  is  a complex  number  associated  with  every 
pair  u,v  in  such  that 

(1 ) <u |v>  = <v|u> 

(2)  <u|av+3w>  = a<u I v>+3<u |w> 

<au+3v|w>  = a<u|w>+3<v|w> 

(3)  <u 1 u>  > 0 if  u ^ 0,  and 

<u|u>  = 0 if  u = 0 (non-negativity) 

for  all  u,v,w  in  U2  and  a, 3 in  C,  where  a is  the  complex  conjugate 
of  a and  0 is  the  zero  vector  of  U^. 

The  Conjugate  Space  U2  of 

The  conjugate  space  U2  associated  with  U2  is  the  dual  space  to  U2 
i.e.,  the  space  of  linear  functionals  on  U2,  provided  with  a conjugation 
operation,  i.e.,  a map;  u in  U2  u in  U2,  uniquely  defined  by  the 
equation  u ° w = <u|w>  for  all  w in  U2  where  u ° w = w o u denotes  the 
value  resulting  from  the  action  of  the  linear  functional  IT  on  the  vector 
w.  The  inverse  map,  u in  U2  -»■  u=u  in  U2.  is  also  called  a conjugation 
operation. 
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Some  Important  Properties 

(1)  The  conjugate  space  U2  is  a two  dimensional  vector  space 
over  C. 

(2)  The  conjugation  map,  u in  U2  u in  U2.  is  one-to-one  from 
U2  onto  U2  and  similarly  for  the  inverse  map. 

(3)  u = u 

(4)  (au+3v)  = a u + 3 V 

(5)  (air+37)  = au  + 3v  = au  + 3v 

(6)  (IT  o v)  = u o 7 

for  all  u,v  in  U2  and  a, 3 in  C.  Note  that  properties  (4)  and  (5) 
state  the  antilinearity  of  the  conjugation  operation. 

The  r-th  Order  Tensor  Spaces  and 

An  r-th  order  tensor  over  U2  is  any  complex  valued  r-1 inear 
functional  T(.w^  ,W2> • • • ,w^)  of  the  arguments  w.|,W2,‘",w^  in  U2.  The 
notation  T will  be  used  for  the  tensor,  and  the  value  which  results  from 
the  action  of  T on  - will  be  denoted  by  (T[  w.j  ,W2>  * * * ,w^) 

= T(w^,W2,--',w^). 

The  space  U®*”  is  the  set  of  all  r-th  order  tensors  over  U^.  The 
sum  S+T  of  S and  T in  U 2*"  is  an  element  of  U®*"  uniquely  defined  by  the 
equation 

(S+Tlw.|  ,W2»  • • ■ ,w^)  = (S|w^  ,W2»  • • • ,w^)  + (T|  w.j  ,W2>  • • • ,w^) 

for  all  values  of  the  arguments  Wi,W2,‘“,w^  in  U2.  For  any  a in  C, 
the  product  aT  of  a with  any  T in  is  another  element  of  uniquely 

defined  by  the  equation 
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(aT|w^ ,W2» • • • ,w^)  = a(T|w^ .w^,* • • ,w^) 

for  all  values  of  w,,w^,--*,w  in  U„.  The  zero  tensor  0 in  is 

1 2 r 2 2 

a unique  element  defined  by  the  equation 
(0|w^ .w^,- • ■ ,w^)  = 0 

for  all  values  of  v/-|  ,W2»  • • * ,w^  in  U2*  It  can  be  verified  that  U® 
is  a vector  space  over  C with  the  above  defined  operations  of  addition 
of  tensors  and  multiplication  of  tensors  by  complex  numbers. 

In  the  special  case  of  first  order  tensors,  it  can  be  shown  that 
there  is  a one-to-one  correspondence  between  elements  T in  U®^ 
and  elements  t in  LI2  such  that  (T|w-| ) = t o w-j . It  follows  that 
U 2 U2  are  isomorphic  as  vector  spaces,  and  we  shall  simply  treat 

them  as  identical;  thus  first  order  tensors  over  U2  are  vectors  in  U2 
itself.  Likewise  the  space  of  zero  order  tensors  over  U2  is  C. 

Given  a set  of  vectors  u^,U2,---.u^  in  U2,  their  tensor  product, 
written  in  the  following  alternate  notations 

r 

0 u.  E u.  ® u„  0 • • • 0 u E u-u»  •••  u 

|^_1  Kit  Y*  i c P 

is  an  element  of  U®'^  defined  by  the  equation 

(u.|U2  •••  u^l  w^,W2,---,w^)  = u^ow^U2°W2  u^ow^ 

for  all  values  of  Wi,W2.-**,w^  in  U2.  In  the  special  case  of  a tensor 
product  of  u with  itself  r times  we  can  also  use  the  notation 

or 

U*^  E OUEUU*"U 

k=l 
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Let  g-|  *92  Le  an  orthonormal  basis  for  thus  they  satisfy 


q ° = <5,. 

^a  ab 


for  a=l,2  and  b=1,2  where  is  the  Kronecker  delta. 

Theorem  1:  g,  9,  9,  for  all  possible  values  aT=l,2;  a5=l,2;--*; 

a-|  “2  “r  ^ 


a^=l,2  is  a basis  for  U®*”,  hence  U^'  has  the  dimension  2'. 

Proof:  First,  we  claim  that  g,  g,  • • • g^  for  all  possible  values 

ai  a2  a^ 

a-|=l,2;  a2=l,2;  •••  ; a^=l,2  are  linearly  independent.  Suppose  that 


® r 


y a g g ■ ■ ‘ g ~ 0 

a^.a^.-'-.a^  ^1^2’“^  ^1  ^2  ®r 


Then  for  any  set  of  values  for  b-|=l,2;  b2=l,2;  •••  ; b^-1,2. 


0 = ( I “a  a ...a  9,  g,  •*'9a 

a^,a2,---.a^  ®1®2  ®r  ^1  ^2  ^ 


I % a --a  9,  •••9,  19k  ’9b  ^ 

a^,a2,---,a^  ^1^2  ®r  ®1  ^2  ^ h "2  V 


^l’^2’‘"’®r  ’'^r  '^®l^/®2^2 


'a  b 


r r 


a. 


Therefore  they  are  linearly  independent. 


Next  we  claim  that  every  element  in  U®*^  can  be  expressed  uniquely 


by  g 9 •••g  . for  all  a, =1,2;  a^=l,2;  •••  ; a =1,2.  Let  the 

9-|  ^2  ®r  ^ ^ 


arguments  w.  = I (g  g -w. ) for  i=l,2,’*-,r  and  T be  an  arbitrary 

1 T cl  • G • I 

a.=l  1 1 

tensor  in  U ® • Then 
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(T1w^,W2,-*-,w^) 

2_  _2_  _ 2_ 

= (T|  I g g -w, , I g g -w  ,•••,  I g g -w  ) 
a.=l  ^ a^=l  ®2  ^2  ^ a =1  V 


‘1 


^ <’'ISa,-9a  ’■■■•Sa  'V'"!  ^a  •"'2-"9a  ' 


w 


I '''a  . a (9a  9.  • ••9,  I W,  ) 

,a„---,a  ^1®2  V ^1  ®2  ^ ^ 


‘r  2 


“ 'a,l3,-,a>V\ 


for  all  values  of  w,,w„,*-*,w  , where  T,  ^ , = (T|g  ,g  ,---,g  ) 

I 2 r ^l°2’*"^r  ^2  “r 

Therefore 


Q.E.D. 


Similarly  to  tensors  over  U^.  tensors  over  can  be  defined.  An 
r-th  order  tensor  over  is  any  complex  valued  r-1 inear  functional 

T' (w^  ,W2,  • * • ,w^)  of  the  arguments  w^,W2»"‘,w^  in  The  notation 

(T‘ I • ,w^)  = T' (w^  jW^,  • ’ • ,w^)  will  be  used.  The  space  U®'^  is 
the  set  of  all  r-th  order  tensors  over  U^-  The  sum  S'+T'  of  two  tensors 

in  U®*^,  and  the  product  aT'  of  any  a in  C with  T'  in  U®*^,  are  defined 

analogously  to  the  corresponding  operations  in  U ® » furthermore  the 
zero  tensor  O'  in  U 2*"  is  defined  in  a similar  way  as  0 in  U®*^.  It 
follows  that  is  a vector  space  over  C. 

First  order  tensors  over  U2  will  be  identified  with  vectors  in 
^2*  and  the  space  of  zero  order  tensors  over  U2  will  be  C. 


6 


A tensor  product  of  the  form 

r___  _ 

0 U|^  E 0 © • • • 0 u^  E u^u^  • • • 

k=l 

with  lT^  , IT^ , • • • , 10^2  is  a tensor  in  ul*"  defined  by  the  equation 
(u’^lT2- • •u'^  1 ,W2,- • • ,w^)  = 'u^ow^U2°W2*--u'^°w^ 

for  all  values  of  w-j,W2> — >w^  in  U2.  Taking  a basis  9-]  >92  ^2’ 

follows  that  ^ •••?=.  is  a basis  for  Thus  Up*"  also  has  the 

cl/j  a c C 

dimension  2 . 

For  any  T in  U 2*^,  its  conjugate  T is  an  element  of  U®*^  defined  by 
the  equation 

(T  1 w-|,W2,-‘-,w^)  = (T  I w-,,W2,--*,w^) 

for  all  values  of  w^,W2,-'-,w^  in  U2.  Similarly  for  any  S'  in  U®*^,  its 
conjugate  is  an  element  of  U®'^  defined  by  the  equation 

(S'  I w^ ,W2, • • • ,w^)  = (S'  I w^,W2,---,w^) 

for  all  values  of  w^,W2»**',w^  in  U2. 

Some  Important  Properties  of  the  Conjuqation 
Operation  in  U®*^  and  U®*^ 

(1)  The  conjugation  map;  T in  T in  U®*",  is  one-to-one  from 

U®'^  onto  lF®*"’  ''i^®  versa,  hence  f = T. 

(2)  (aS+BT)  = a S + 6 T 
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(3)  (aS+BT)  =aS+3T=aS+BT 

(4)  (u^U2r--u^)  = 

(5)  (Lr^u^^'^r^  " 

(6)  O'  = 0,  and  0=0'. 

From  now  on  we  shall  express  elements  in  U®*^  as  the  conjugate  of 
elements  in  i.e.,  instead  of  T'  we  shall  write  T,  with  T in 

Tensor  Products 

The  tensor  product  S ® T e ST  of  S in  U ®'^  and  T in  U is  an 
element  of  U defined  by  the  equation 

(ST  I w^.W2,---,w^.w^^^,w^^2’“'»'^r+s^ 

= (S  I w^,W2.-*-,w^)  (T  I w^+^,w^^2’“’’Vs^ 

for  all  values  of  w-j  ,W2» • * • ,w^,  Vr''V+2’'"’'^r+s  ^2*  tensor 

product  ^ 0 T is  defined  analogously.  The  following  properties  can 
easily  be  verified  for  tensors  R,  S and  T of  arbitrary  orders 

(1)  (R  0 S)  0 T = R 0 (S  0 T) 

(2)  (aR+BS)  ® T = a(R  0 T)  + B(S  0 T) 

(3)  R 0 (aS+BT)  = a(R  0 S)  + B(R  ® T) 

(4)  (S  0 T)  = S0  T 

and  also  similar  properties  with  R,  S,  T replaced  by  R,  S,  T.  In  (2) 
it  is  assumed  that  R and  S are  in  the  same  tensor  space,  and  in  (3) 
that  S and  T are  in  the  same  tensor  space.  The  quantity  in  (1)  is  simply 
and  unambiguously  written  R®S0T  = (R®S)0T  = R®(S0T). 
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C r 

Inner  Product  in  U 2 

For  S in  U I*"  and  T in  U®*",  their  dot  product  S O T = T O S 
is  defined  in  the  special  case  where  ^ '^r 

(u^u^-'-u^)  O (v^v^-'-v^)  = (u^ov^)(u2°V2)--*(u^°v^) 

and  then  uniquely  extended  to  arbitrary  S and  T by  the  assumption  of 
the  properties: 

(1 ) (aQ+3S)  OT  = aQ0T+eSOT 

(2)  S O (aR+3T)  = aS"  O R + 3 S O T 
for  R and  T in  U 1*^  and  Q and  ¥ in  U ®'"* 

The  following  properties  can  be  proved: 

(3)  (S  O T)  = T O S 

(4)  T 0 T > 0 if  T ^ 0,  and  T O T = 0 if  T = 0. 

(5)  (S  X Q)  O (T  X R)  = (S  O T)(Q  0 R) 
for  S,T  in  U®*",  and  Q,R  in  U®^  . 

An  inner  product  <S|T>  for  S,T  in  U®*"  can  be  defined  as 
<SlT>  = S0  T 

This- inner  product  in  has  the  same  properties  as  the  inner  product 
in  U2  as  previously  listed. 

The  Group  Ring  CS^  Over  the  Complex  Numbers  C 

Given  T in  U®*"  and  p in  with  the  permutation  group  on  the 

0 r 

set  = {l,2,---,r},  pT  is  another  tensor  in  U 2 


defined  as 


for  all  Wi,W2.’'*,w^  in  U^.  It  follows  that  p operates  on  a tensor 
product  • ’U^  as 

P(“lU2'"“r)  ' “plV'V 

where  p is  the  inverse  permutation  of  p. 

For  any  given  set  of  complex  numbers  ttp  for  each  p in  S^,  the 

quantity  P = \ a p is  defined  as  an  operator  on  tensors  T in  U 2 
as  follows 


PT  = ( I a p)T  = I a (pT) 


peS, 


If  M is  the  subset  of  all  p in  for  which  ap/0  we  can  write 
P = ^ ttpP.  In  the  set  CS^  of  all  operators  of  the  form  P = I «pP 


peM 


peS, 


we  may  define  multiplication  by  scalars  y in  C as 


yP  = y(  I ot  p)  = I (ya  )p  . 


pes^ 


peS 


addition  with  other  elements  Q = I 3 p as 

P+Q  = ( I o.p)  + ( I B.P)  = I 

PeS„  P peS„  P peS„  P P 


and  multiplication  of  two  elements  of  CS  as 
^ r 


PQ  = ( Z a P)  ( I 3„q)  = I (a  3„)pq 


pcS^  ^ qeS^ 


p.qeS, 


p q 


The  set  CS^  with  these  three  operations  is  called  the  group  ring  of  S 


10 


We  may  define  the  complex  conjugate  P of  any  P = I a„P  in  CS  as 


PeS, 


P ' I 0.  P 


Also  define  P as 


r*  ^ 

P = I «nP 

peS^  P 


Similarly  for  T in  and  peS^,  we  define  pT  as 
(pT  1 ,W2> • • • ,w^)  = (T  I Wp^ ,Wp2, • • • ,Wp^) 

for  all  w^,W2,---,w^  in  U2.  Also  P = I operates  on  T as 
PT  = ( I Cl  P)T  = I a (pT) 


peS 


PeS^ 


Theorem  1 : 


(1)  (oP+eQ)T  = a(PT)+3(QT) 

(2)  (aP+3Q)T  = a(PT)+3(QT) 

(3)  P(aT+3S)  = a(PT)+3(PS) 

(4)  P(aT+3S)  = a(PT)+3(PS) 

(5)  P = P 

(6)  FT  = P T 

(7)  PT  = P f = P T 

(8)  PO  = 0 

(9)  PO  = 0 

(10)  (PS)  O T = S O (PT) 


for  P,  Q in  CS^,  for  a, 3 in  C,  and  for  T,S  in  U 2 


ar 


n 


Proof:  Properties  (1)  to  (9)  are  easily  proved.  Property  (10) 

is  proved  as  follows. 

First,  let  S = and  T = "'^r’ 

S 0 (p  T) 

= (UjUj-.-up  O (Vp,Vp2--'V' 

Rearranging  the  factors  and  changing  the  index  notation  gives 
SO  (p  T) 

= (u^r''l'<V°''2>'"<“pr°''r' 

= (uj,u-2'--V>  ® (''l''2’"V> 

= (p(ir^u’2' • O (v-iV^-’-v^) 

= (P  S)  ©T 

This  result  is  extended  linearly  to  obtain 

SO  (pT)  = (P  S)OT 

for  arbitrary  S and  T. 

Hence 

(PS)  O T 

= (Iap(pS))OT 
= Iap((pS)  OT) 

= Iap(SO  (p  T)) 

= S O (PT) 


Q.E.D. 
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Antisymmetrization  and  Syrnmetrization  Operators  in  CS^ 

The  antisymmetrization  operator  A(h,k)  on  h,k  where  1 - h < k - r, 
is  defined  as 

A{h,k)  = l-(hk)  . 

The  antisymmetrization  operator  A(h,k,il)  on  h,k,£  where 
l-h<k<£-r,  is  defined  as 

A(h,k,£)  = I sqn(p)p  = l-(hk)-(hJl)-(k£)  + (hkfi,)+(h£k) 
p i = i , if  i^h,k,£ 

where  sqn(p)=l,  if  p is  an  even  permutation,  and  -1,  if  p is  an  odd 
permutation. 

The  syrnmetrization  operator  S(h-|  ,h2»  ‘ ' .h^)  on  hi,h2s’‘’,h^  where 
1 ^ h-|  < h2  < • • • < hg  ^ r,  is  defined  as 

S {h^,h2,* • • ,h^)  = J P 

peH 

where  H is  the  subset  of  all  elements  in  that  permute  h^.h^.-'-.h^  only. 
Theorem  1 : 

(1)  (hk)A(h,k)  = A(h,k)(hk)  = -A(h,k) 

(2)  A(h,k)A(h,k)  = 2A(h,k) 

(3)  A(h,k,£) (hk)  = A(h,k,£)(k£)  = A(h,k,£)(h£)  = -A(h,k,£) 

(4)  A(h,k,£)(hk£)  = A(h,k,£)(k£h)  = A(h,k,£) (£hk)  = A(h,k,£) 

(5)  A(h,k,£)A(h,k)  = A(h,k,£)A(k,£)  = A(h,k,£)A(h,£)  = 2A(h,k,£) 

(6)  A(h,k,£)A(h,k,£)  = 6A(h,k,£) 

(7)  pS(h^ ,h2»- • • ,h^)  = S(h^ ,h2, • • • ,h^)p  = ^(h^ ,h2, • • • ,h^) 


for  p in  H. 


13 


(3)  = S(h^h2,  • * • ,h^)5(i^  ,12,  ’ " ,i|^) 

= k!S(h^ ,h2»‘ • • ,h^) 

if  {ii5i2»"’’»i|^^^^^1’^2’*'*’^s^  * 

(9)  S(h^ .h^,- ” ,h^)S(h^ • ,h^)  = s!S(h^ .h^, • • * ,h^) 

(10)  S(i,j)A(iJ)  = A(i,j)S(i,j)  = 0 

(11)  A(i,j)S(h^,h2,---,h^)  = S(h^  ,li2,  • * • ,h^)A(i  ,j)  = 0 

if  {i  ,j}  <={h-j  ' ’ ’*^s^  ' 

(12)  A(h,k,£)S(k,£)  = S(k,£)A(h,k,5,)  = 0 

Theorem  2:  The  operator  A(h,k,£)  acting  on  every  T in  U®*"  always  gives 

A(h,k,£)T  = 0 

i .e. 

A(h,k,£)  = 0 
as  an  operator  equation. 

Proof:  First,  we  shall  prove  that  if  S = A(1 ,2,3) (u^U2U2‘ • -u^) 

for  arbitrary  u-j  ,U2»U2, ' ' ’ ,u^  in  U2,  then  S=0.  If  u-|=0,  the  result  is 
immediate.  If  u-j  0 and  u-j,U2  are  dependent,  then  U2  = au-j  for  some  a. 
Using  the  equation 

|s(l  ,2)(u^u^U2---u^)  = u^u^U3'--u^ 

we  obtain 

S = oA(l  ,2,3)(u-|U^U3- • -u^)  = ^Ml  ,2,3)S(  1 ,2)  (u-jU^u^*  • *u^) 

= 0 

since  A(1 ,2,3)S(1 ,2)  = 0.  If  u^,U2  are  independent,  then  u^  = au^+gU2 
for  some  a,B  and 
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S = A(l,2,3)(au^U2U^---u^+Bu^U2U2---u^) 

= A(1 ,2,3)[^(1  ,3)(u^U2U^  • • -u^)+  1bS(2,3) (u^u^u^- • -u^)] 

= 0 

since  A'(l  ,2,3)5(1 ,3)  = 0 and  A(1 ,2,3)5(2,3)  = 0. 

Now  let  p be  any  permutation  in  such  that  ph=l , pk=2,  p£=3. 

Then 

A(h,k,£)(u^U2U3* • -u^)  = ppA(h,k,£) (u^u^u^- • -u^) 

= pA(l ,2,3)p(u^U2U3* • -u^) 

= pA(l ,2,3)up^Up2U-3- • -Up^ 

= pO  = 0 

The  conjugate  operation  on  this  result  also  gives 
A{h,k,A)(u^U2U2-**u^)  =0 

Final ly  we  have 

(A(h,k,£)T  1 17^  ,172,03, 

- tA(h,k,ii)Tj  O ( U-| U2U3 • • • u^ ) 

= T 0 [A(h,k,£)(u^U2U3---u^)] 

= 0 

Since  u^  U2,U2,*--,u^  are  arbitrary,  then 

A(h,k,£)T  = 0 Q.E.D. 

Corollary  1 : 

(1)  A(h,k)(hi)A(h,k)  = A(h,k)  if  i f h,k 

(2)  A(h,k)(jk)A(h,k)  = A(h,k)  if  j f h,k 
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Corollary  2: 

(1)  A(h,k)(hkil)A(h,k)  = A(h,k)  (kilh)A{h,k) 

= A(h,k)(£hk)A(h,k)  = -A(h,k) 

(2)  A(h,k) (£hk)A(h,k)  = (m- • -t)A(h,k) 
if  m, • • • ,t  ^ h,k  . 

(3)  A(h,k) (hin) (kn)A(h,k)  = A(m,n)A(h,k) 
if  m / n and  m,n  ^ h,k  . 

In  the  useful  special  case  of  the  synraetrization  on  h,  h+1 , h+2,*** 
h+n=k,  we  shall  abbreviate  the  notation  to  S(h-*-k)  in  the  following. 

Subspaces  of  Antisymmetric  and  Syr.'wetric  Tensors 
2 2 

The  space  (U  2 ^ subspace  of  U 2 consisting  of  antisymmetric 

0 2 

tensors,  i.e.,  all  tensors  in  U®  which  satisfy  the  property 
(12)  T = -T 

The  operator  ^A(l,2)  is  a projection  operator  on  (U2^)y^>  thus 
Theorem  1 : 

1a(1.2)T  = T 
iff  T belongs  to 

Proof:  If  TelU®^)^,  then  (12)T  = -T,  i.e.,  -(12)T  = T.  Adding 
T to  both  sides,  we  obtain  T-(12)T  = [1-(12)]T  = A(1,2)T  = 2T.  Thus  • 

A(1,2)T  = T 


The  converse  is  similar. 


Q.E.D. 
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(5^  2 

Theorem  2:  The  subspace  (U^  1s  one  dimensional.  We  can  choose  the 

tensor 

as  a basis. 

2 

Proof:  Let  T = I a. .g.g.,  with  a.,  complex  numbers.  Then 

i,j=l  ^ J 


1,J=1  'J  J IJ  1 J 

2 

I a-. g.g.. 

i,j=l  J ^ 


imply 

ot-j  1 — *^22  ~ 9nd  CX21  ~ ~^1 2 


hence 

T = a, 2(9, 92  - 929,) 

— 2 

for  all  T in  (U  2 Thus,  we  can  choose 


A = 9,92-929, 


as  a basis,  and  (U  ® 


is  one  dimensional. 


Q.E.D. 


Similarly,  the  space  is  a subspace  of  U®^,  consisting  of 

antisymmetric  tensors.  The  operator  A(l  ,2)  is  a projection  operator  on 

(U  2 )^,  the  subspace  is  one  dimensional,  and  we  can  choose 


A = g^g2  - 


929i 


as  a basis. 

The  space  = (U  2 is  a subspace  of  U®*"  consisting  of  symmetric 
tensors,  i.e.,  all  tensors  in  U®*"  which  have  the  property 
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pT  = T 

for  every  p in  S^.  The  projection  operator  on  this  subspace  is 

~ S(l---r)T  = T,  thus 
Theorem  3: 

■^S(l**-r)T  = T 
iff  TeL^  . 

Proof:  If  TeL^,  then  pT=T,  for  every  p in  S^,  hence 

S(l--*r)T  = I pJ  = I 1 = (r!)T 

peS^ 

since  the  order  of  is  r!. 

Conversely,  if  ^ 5(1  • • -r)T=T  for  T in  U®*",  then 

pT  = p(7T5(l---r)T)  = •pj-ps(l---r)T 

= fT  5(l***r)T  = T 


since  p5(l---r)  = S(l---r)  for  all  p in  S . 

t'  r 


Q.E.D. 


Theorem  4:  The  subspace  has  dimension  r+1. 


Proof:  Each  basis  tensor  g g ---g  of  U®*"  is  projected  by  the 

a-|  ^2  3^^ 

operator -pj- S(1  •• -r)  onto  one  of  the  independent  set  of  tensors 

5(l---r)g®“  X g®('"-a)  where  a = 0,l,2,---,r.  Q.E.D. 

Similarly,  the  space  = (u|'")g  is  a subspace  of  consisting 


of  symmetric  tensors.  The  operator  ^ S(1 •• *r)  is  a projection  operator 
^r’  rT  “ T iff  T e t and  L has  dimension  r+1. 
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Linear  Transfornations  on  and 

A linear  transformation  on  is  any  map  M which  associates  with 
each  u in  another  element  Mu  in  such  that 

M(au+3v)  = a(Mu)  + 3(Mv) 

for  each  a, 3 in  C and  u,v  in  U^.  The  unit  transformation  E is  defined 
as 

Eu  = u 

for  every  u in  U2.  The  sum  M+N  of  tw'o  linear  transformations  M and  N 
is  another  linear  transformation  defined  as 

(M+N)u  = Mu  + Nu 

for  every  u in  U2.  and  the  product  oM  of  a in  C with  a linear  transforma 
tion  M is  another  linear  transformation  defined  as 

(oM)u  = a(Mu) 

for  every  u in  U2-  The  composition  MN  of  two  linear  transformations  M 
and  N is  a linear  transformation  defined  as 

(MN)u  = M(Nu) 

for  every  u in  1)2.  The  inverse  M"\  if  it  exists,  satisfies 
M"^M  = MM"^  = E 

The  Hermitian  adjoint  of  M is  another  linear  transformation 
defined  by  the  equation 

<v1m^u>  = <Hvlu> 

for  all  oi,v  in  U2-  A transformation  M is  said  to  be  unitary  iff 
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A transformation  M is  said  to  be  Hermitian  iff  M^=M,  and  anti-Hermitian 
iff 

A linear  transformation  L on  associates  an  element  LlT  in  U2 
with  each  u in  U„.  Given  a linear  transformation  M on  U„,  its  conjugate 
n and  its  transpose  M e are  linear  transformations  on  U2  defined  by 

M IT  = Mu 

(f^  7)ou  = V o (Mu) 

respectively  for  all  u and  v in  U2-  Also,  E is  the  unit  transformation 
on  U2. 

Theorem  1 : M = M = M for  any  linear  transformation  M on  1)2* 

— — _ 

Proof:  (M  v)°u  = v o (M  1?)=  v ° (MIT) 

_ ^ _ 

= v°(Mu)  = (M  v)°u  = (M  v)°u  = (M  v)°u 

— ~ 

for  all  u,v  in  U2>  hence  M = . 

<v|M'*’u>  = <Mv|u>  = <u  |Mv>  = iro(Mv) 

= (M  u)ov  = (1^  u)o7  = u)o7  = 7o(M  u) 

= <v|?(  u> 

for  all  u,v  in  U2.  hence  M^  = . Q.E.D.' 

The  Linear  Transformations  r(M)  and  D(M) 

Acting  on  Corresponding  to  M 

Given  a linear  transformation  M on  U^,  the  linear  transformations 
r(M),  r^(M),  r2(M) , • • • ,r^(M)  on  an  arbitrary  tensor  T in  U®*"  for  each  r 
are  defined  as  follows 
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(r(M)T  I s-j  .S^,-  • * ,s^)  = (T  I ,Pfs2’’  * ' 

(r^(M)T  = (T 

(F2(M)T  I S-|,S2»‘  ~ I 

(rp(M)T  I s^,S2,---,s^)  = (T  I s’^J2’“'’Vr^r^ 

for  arbitrary  in  U^.  It  follows  that  in  the  special  case 

in  which  T is  a tensor  product  u-jU^^'u^,  we  have 

r(M)(u^U2- • *u^)  = (Mu^)(Mu2)--*(Mu^) 
ri(M)(u^U2’*-u^)  = (Mu^)u2*--u^ 
r2(M)(u^U2- • -u^)  = u^(Mu2)u2-**u^ 

ry.(M)(u^U2---u^)  = UiU2'--u^_^(Mu^) 

For  XeU®°-C,  we  define 

r(M)X  = X 
Theorem  1 : 

(1)  r(M)  = (n)r2(M)  • • -r^(M)  when  operating  on  U®*". 

(2)  r(E)  = r^(E)  = r^CE)  = •••  = r^(E) 

(3)  r(E)T  = T for  each  T in  U®*^,  i.e.,  r(E)  is  the  unit  linear 
transformation  on  U®*^  for  each  r. 

(4)  r^(on+6M)  = ar^(M)  + 3r,^(N)  for  k=l,2,---,r. 

(5)  r^(MN)  = r^(M)r^(N)  for  k=l,2,-'-.r  . 

(6)  r(MN)  = r(M)r(N) 

for  complex  numbers  a, 3 and  linear  transformation  M and  N on  U2. 


21 


Proof:  (1)  By  definition  of  product  of  linear  transformations 

r|^(M)  for  k=l,2,---,r;  (2)  and  (3)  are  trivial;  (4)  is  by  definition 
of  r|^(M)  and  r(M);  for  (5): 

(r^(flN)T  = (T 

= (T  = (rj_,(M)T 

= (r^(M)r^(N)T  I 

for  all  Si,S2>--*,s^  in  1)2*  hence 

r,^(MN)  = r^(M)r^(N) 

The  proof  of  (6)  is  similar.  Q.E.D. 


For  each  linear  transformation  M on  U2»  define  the  linear  transformation 

D(M)  on  an  arbitrary  tensor  T in  "for  each  r as 
r 

D(M)T  = I r. (M)T 
k=l 


D(.M)  = I r (M) 
k=l 


® r 

when  operating  on  U 2 • It  follows  that 
D(aM+3N)  = aD(M)  + 6D(N) 

for  complex  numbers  a,B  and  linear  transformations  M and  N on  U2*  For 
X e u|°  = C,  we  define 

D(M)X  = 0 

Some  more  useful  properties  of  r(M)  and  D(M)  are 
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Theorem  2: 

(1)  r(M)(T  Q s)  = [r(M)T]  a [r(M)s] 

(2)  D(?^)(T  a S)  .=  [D(M)T]  a S + T a [D(M)S] 
for  T in  1)2*^  snd  S in  for  each  r and  s. 

Proof;  (1)  For  all  ‘ ‘ " ^^r+s  ^2 

(T(M)(T  a S) 

= (T  a S 1 , • • • , . . . 

= (T  I , • • • (S  I , • • • 

= ([r(M)T]  a [r(M)s] 

hence 

r(M)(T  a s)  = [r(M)T]  a [r(M)s] 

For  (2): 


(D(M)(T  a S)  I 


r+s 


r+s 


= [ (T  a S I mF^  ,?2’  ■ ■ ■ ’ Vl  ’ ’ ■ ■ ’ V+s ^ 

+ (T  a S I + ••: 


r+s' 


+ (T  8 S I 
+ (T  a s 
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- [(T  I Ms^  ,$2,  • • • .s^)+(T  I ‘ >s^)  + • • • 

+ (T  1 . • • • .s^_1  (S  I . • • • .s^+g)  + (T  I • ,?^) 

[{S  I '••  + (S  I Vi.---.i'^+s_-|.te'^+s)] 

+ (T  I ,•  • • ,S|^)  [( J^rj^(M)S  I ,s^^2»’ • ’ >s^^.g)] 

r _ _ r+s 

= {([j^r^(M)T]®s|si,--.,s^^s^  + (T®  )} 

= ([D(M)T]  a S + (T  a [D(M)S]|?^,---,?^^^.) 

= ([D(M)T]  0 S + T a [D(M)S]  I * ,s^+g) 

hence 

D(M)(T  a S)  = [D(M)T]  a S + T a [D(M)S]  Q.E.D. 

Theorem  3: 

(1)  p[r,^(M)T]  = r^(M)(pT)  for  k = l,2,---,r  . 

(2)  p[r(M)T]  = r(M)(pT) 

(3)  p[D(M)T]  = D(M)(pT) 

(4)  r(M)S(l---r)T  = S(l---r)r(M)T 

(5)  D(M)S(l---r)T  = S(l---r)D(M)T 

for  T in  U?  *"  and  p in  S . 

c r 

Proof:  For  Si,S2,---,s^  in  ^2,  we  have 

(pr|^(M)T  |?^,?2,-*-,?^) 

= (pT  I T^,l2’'’‘’^Sk’‘"’^r^ 

= (r,^(M)(pT)  I 
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This  proves  (1).  Similarly  for  (2).  For  (3),  use  the  definition  of 
D(M)  and  (1).  For  (4)  and  (5),  use  (2)  and  (3)  respectively.  Q.E.D. 

Determinants,  Traces  and  the  Commutator 
Using  an  arbitrary  tensor  Q.  in  the  one  dimensional  subspace 
we  can  define  the  determinant  det(M)  of  M and  the  trace  tr(.M)  of  M 
for  any  linear  transformation  M on  U^.  Since 

Theorem  1 : T(M)Q  is  in  if  is  in 

Proof:  nc  iff 

j A(1 ,2)n  = Q. 

Now 

r(M)n  = r(M)(|  A(1,2)Q)  = 1 A(l,2)(r(M)n) 

since 

pr(M)  = r(M)p, 

thus,  r(M)J^  is  in  • Q.E.D. 

Corollary  1 : r(M)$7  is  proportional  to  fi,  iff  Q,  is  in  (U®^).. 

^ M 

O 2 

Proof:  Since  is  in  (U ® )^>  the  one  dimensional  subspace  of 

U ® with 

A = 9^92  - 929i 

as  a basis.  Thus  by  Theorem  1,  we  have  r(M)fi  and  both  proportional  to  A, 
hence  r(M)J^  is  proportional  to  fl.  This  proves  the  corollary.  Q.E.D. 

From  the  above  corollary,  we  call  that  proportional  constant;  the 
determinant,  and  define  by 


r(M)n  = det(M)n 
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2 

Since  D(M)J^  is  also  in  (U ® )^>  it  >^ust  be  proportional  to  n.  We 
define  tr(M)  by  the  equation 

D(M)fi  = tr(M)f^ 


For  two  linear  transformations  M and  N on  their  commutator 
[M,N]  is  another  linear  transformation  on  U2  defined  as 

[M,N]  = MN-NM 

Similarly,  we  can  define  the  commutator  of  linear  transformations  on 

Hence 

Theorem  2: 

(1)  D([M,N])  = [D(M),D(N)] 

(2) 

(3)  [mTn]  = [M,N] 

(4)  [M,Nf  = [if^] 


Proof:  (2),  (3)  and  (4)  are  trivial.  To  prove  (1)  we  claim  that 

0 if  m 

=j 


I 0 if  ij 

'{r.([A,B])  if  V 


For  i < j,  then 


([r.(A),rj.(B)]T 

= ((r.(A)rj(B)-rj.(B)r.(A))T  | ?^ 

= (r.(A)rj(B)T  |?^,?2,--*J^)  - (rj(B)r.(A)T  |?^,?2,---,?^) 

= (Tj(B)T  I I^,---,^^.,--*,?.,---,I^)-(r^.(A)T 
= (T|s^,-*-,As^,'--,BSj,*--,?^)  - (Tls.|,’-*,A?^. 


,s^) 


= 0 
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Similarly  for  i > j.  For  i = j,  we  have 

[r.(A),r.(B)]  = r.(A)r.(B)  - r.(B)r.(A) 

= r.(AB)-r.(BA)  = r.(AB-BA)  = r.([A,B]) 

Here  we  used  the  property  r^.  (MN)  = (M)r^(N)  . 

Now  CD{A),  0(B)]  = [ j r. (A),  I r.(B)] 

k=l  £=1  ^ 

= 11  [r,.(A),r  (B)]  = I [r.  (A),r.  (B)] 
k=l  £=l  ^ k=l 

= I F. ([A,B])  = D([A,B])  Q.E.D. 

k=l  ^ 

Infinitesimal  Transformations  on  and  Infinitesimal  Generators 

Let  M(e)  be  a one-parameter  family  of  linear  transformations  on  U2 
with  M(o)  = E,  Then  for  infinitesimal  values  of  e,  M(e)  is  an  infini- 
tesimal transformation.  The  transformation 

is  called  an  infinitesimal  generator  of  a transformation.  The  infinitesimal 
transformation  M(e)  can  be  expressed  to  first  order  in  e as 

M(e)  ~ E + cA 

Representation  of  Infinitesimal  Transformations 
and  Infinitesimal  Generators  as  Operators  on  U®*" 

The  infinitesimal  transformation  operating  on  which  corresponds 
to  M(c)  is  F(M(c)).  The  infinitesimal  generator  operating  on  U®*"  which 
corresponds  to  A is  ^ f(M(e))|^  _0 


We  have 
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[^r(M)] 


e=0 


^ [r^(M)r2(M)--T^(M)] 


e=0 


{[r,(^)r2(M)---r^(M)]  + [r,(H)r2(£)---r^(M)] 


dM, 


+ •••  +[r-,(M)r2(M)---r^(^)]} 


e=0 


= {[r^(A)r2(E)---r^(E)]  + [r^(E)r2(A)---r^(E)] 


+ •••  +[r^(E)r2(E)--T^(A)]} 


= I r. (A)  = D(A) 
k=l 


since  Tj^CE)  = r(E)  is  the  unit  transformation  for  k=l,2,-*-,r. 

This  result  can  be  derived  with  the  help  of  infinitesimals  as 
follows 


r(M)  = r^(M)r2(M)---r^(M) 

==  r^(E+eA)r2(E+cA)---r^(E+eA) 

= [r^ (E)+cr^ (A)][r2(E)+er2(A)]- • .[r^(E)+cr^(A)] 

= r(E)  + e I r. (A) 
k=l 


= r(E)  + cD(A) 

Then  r(M)]  = D(A) 

since  higher  order  terms  drop  out  for  e=0. 

Theorem  1:  There  is  a relation  of  trace  and  determinant  under  the 


operator  ^ , i .e. 


tr(A)  = M(e)  det  M(c)]|^^q 
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Proof:  (iet  M(e)]  det  M(e)f^] 


e=0 


= r(M)n] 


Q 


e=0 


D{I\)Q.  = tr(A)fJ 


Therefore ■ 
tr(A) 


[-i  det  M(e)] 


Q.E.D. 


The  Lie  Group  SU(2)  and  its  Lie  Algebra  su(2) 

Let  SU(2)  be  the  set  of  all  linear  transformations  on  U2  with 
the  properties 

(1)  det(M)  = 1 (unimodularity) 

(2)  = M~^  (unitary) 


Theorem  1 : SU(2)  is  a Lie  group. 

Proof:  By  the  definition  of  a Lie  group  G; 

(1 ) G is  a group. 

(2)  G is  an  analytic  manifold. 

(3)  The  mapping  (a,b)  ab  of  G x G into  G is  an  analytic  mapping. 

We  know  that  SU(2)  is  a group  with  the  operation  the  composite  of 

two  linear  transformations,  i.e.,  if  det(M)=l  and  det(N)=l,  then 
det(MN)  = det(M)det(N)=l.  Also,  (MN)"^  = nV  = = (MN)‘\ 

since  and  = N"^ . 

We  omit  the  proof  of  (2)  and  (3).  Q.E.D. 

Let  [su(2)]  „ be  the  set  of  all  linear  transformations  on  U„ 

dn  ^ 

with  the  properties 

(1)  A^  = -A  (anti-Hermiticity) 

(2)  tr(A)  = 0 (tracelessness) 
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Theorem  2:  [su(2)]  „ is  a Lie  algebra  over  R with  the  Lie  bracket 

operation  being  [A,B]  = AB-BA. 

Proof:  First,  [su(2)]^j^  is  a vector  space  over  R,  since 

(aA+BB)"*^  = ctA^+BB"*^  = -oA-3B  = -(aA+3B) 


tr(cxA+3B)  = atr{A)+3tr(B)  = 0+0  = 0 
Secondly,  if  A,B  are  in  [su(2)]^^^,  then  [A,B]  is  in  [su(2)]g^: 
[A, 8]“^  = (AB-BA)"^  = (AB)'^-(BA)'^  = bV-aV 
= (-B)(-A)-(-A)(-B)  = BA-AB  = -[A,B] 

tr([A,B])  = tr(AB-BA)  = tr(AB)-tr(BA) 

= tr(AB)-tr(AB)  = 0 

Finally,  we  have 

(1)  [A,B]  is  bilinear. 

(2)  [A,B]  + [B,A]  = 0 

(3)  [A,[B,C]]  + [B,[C,A]]  + [C,[A,B]]  = 0 


so  that  the  Jacobi-identity  is  satisfied.  Q.E.D. 

Theorem  3:  The  set  of  all  infinitesimal  generators  of  SU(2)  coincides 

with  the  set  [su(2)]^^  . 

Proof:  Given  an  arbitrary  infinitesimal  generator  A of  SU(2).  By 

theorem  1 of  the  previous  section,  v/e  have 


= f—  1 

e=0  ^dc 


]|c=0  = 


=0 


tr(A)  = det  M(e)] 
since  det  M(e)=l  for  all  e. 

Next,  differentiating  (M(c))^M(e)  = E with  respect  to  e gives 
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^(H(c))*(H(e)  + («(€))"■  (^M(e))  = 0 


and  setting  e = 0,  yields 


A'^E  + E'^A  = + A = 0 


which  is  the  anti-Hermiticity  property. 


Conversely,  for  Be[su(2)]^^,  need  to  prove  that  B 
for  some  X(e)  in  SU(2). 

Let  X(e)  = e^^,  we  have 


t^X(e)] 


e'O’ 


X(.)] 


= [A. 

e=0  ^de  ^ ^ 


e=0 


e=0 


= B 


Also 


A -i-  wi  \ A tr(eB)  etr(B)  eO  , 

(1)  det  X(e)  = det(e  )=e  =e  =e  =1 


since  tr(B)  = 0. 
(2)  [X(c)]*  = 


= = [X(e)]''' 


hence  X(e)e  SU(2) 


Q.E.D. 


Now  define  [su(2)]|^  as  the  set  of  all  traceless,  Hermitian  linear 
transformations  on  U2.  Thus  each  element  H in  [su(2)]^  satisfies 

tr(H)  = 0 
= H 


It  follows  similarly  as  Theorem  2 above  that  [su(2)]^j  is  a Lie  algebra 
over  R with  its  Lie  bracket  operation  being  i[H,K].  The  one-to-one 


correspondence;  H in  [su(2)] 


H 


►A  = iH  in  [su(2)]g^,  is  an  isomorphism 


of  the  Lie  algebras  [su(2)]^  and  [su(2)]^j^.  From  now  on  we  shall  need 
only  the  space  [su(2)]^,  and  will  drop  the  subscript  H,  thus 
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su(2)  E [su(2)]|^.  We  can  also  define  C[su(2)]  as  the  set  of  all  complex 
linear  combinations  of  the  form  A+iB  with  A and  B in  su(2).  This  set 
C[su(2)]  with  the  bracket  operation  i[H,K]  for  H,K  in  C[su(2)]  , is  also 
a Lie  algebra. 

The  Space  [su(2)]^.  The  Representations 

of  $U(2),  su(2),  [su(2)]^  Respectively 

The  r representation  of  SU(2)  with  the  representation  space 

^r  ""  2*"^s  homomorphism  ;M  -»-r(M),  for  all  M in  SU(2)  with 

the  previously  defined  operator  r(M)  restricted  to  the  domain  L . 

r 

The  D representation  of  su(2)  with  the  representation  space  is  the 
homomorphism  ;A-^-D(A),  for  all  A in  su(2)  with  the  previously  defined 
operator  D(A)  restricted  to  the  domain  L^.  The  representation  of 
C[su(2)]  with  the  representation  space  is  the  homomorphism  ;H^D(H), 
for  all  H in  C[su(2)]  with  D(H)  restricted  to  operate  on  the  domain  L^. 

The  representation  space  is  a unitary  space,  therefore  r(M)^  and 
D(A)'*'  can  be  defined  for  M in  SU(2)  and  A in  su(2).  It  can  be  shown  that 
r(M)^  = r(M)  ^ and  D{A)^  = D(A)  for  all  M in  SU(2)  and  all  A in  su(2), 
thus  r’"  is  called  a unitary  representation  of  SU(2)  and  d’^  is  called  a 
Hermitian  representation  of  su(2).  A subspace  W of  is  called  an 
invariant  subspace  if  TcW  implies  r(M)TeW  for  all  M in  SU(2).  Similarly 
for  all  M in  su{2)  or  C[su{2)].  The  representation  is  said  to  be 
irreducible  if  there  are  no  invariant  subspaces  except  itself  and  the 
subspace  {0}  consisting  of  the  zero  element  of  only.  The  representation 

r*"  of  SU(2)  and  D*^  of  su(2)  and  C[su(2)]  are  irreducible. 

2 ^ 

The  set  [su(2)]  of  all  operators  expressible  in  the  form  I A.B. 

. k=l  ''  '' 

with  A|^,B|^  in  su(2)  contains  elements  not  in  su(2).  The  A representation 
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2 ^ 
of  [su(2)]  is  defined  by  the  map  [ A B ->  a(  J A B ) where 


k=l  ^ “'k=i  •<  k' 


A(  I A^B  ) = I D(A.  )D(B  ) 
k=l  k=l  ^ 


and  A(  I A.B, ) is  restricted  to  operate  on  the  domain  L . Note  that 

k=i  K r 


Theorem  1:  A([A,B])  = [D(A),D(B)]  = D([A,B]) 

Proof:  A([A,B])  = A(AB-BA) 

= D(A)D(B)  - D(B)D(A)  = [D(A),D(B)]  Q.E.D. 

Therefore  elements  in  [su(2)]^  which  also  belong  to  su(2)  are  represented 
in  the  A representation  by  the  same  operator  which  represents  it  in  the 

p 

D representation. 


The  Basis  J ,J  ,J  of  su(2)  and 
A y ^ 

the  Operator  in  [su(2)]^ 

X y z ' 

The  operators  ^2  uniquely  defined  by  the  requirement 

that 


J 9i  = 
X^l 

1 

2 ^2  ’ 

J 9o  = 
x^2 

Vi ' 

1 . 

2 ''92  ’ 

C_i 

ro 

II 

1 . 

- 2 I9i 

J,g,  = 

1 „ 

2 9]  > 

0^92  = 

■ I 92 

where  9-]  >92  is  the  orthonormal  basis  of  U2  previously  given. 

Theorem  1 : J ,J  ,J  is  a basis  for  su(2). 

A y z 

Theorem  2: 

0)  [Jx‘V  ° ”z 

(2)  = iJ^ 

(3) 
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Proof:  To  prove  [J  ,J  ] = iJ  , we  need  only  to  prove  that  they 

A y z 

give  the  same  result  when  acting  on  g^  and  g^  respectively.  Now 


= - V'x9l) 

° 2 ’0x92^  ■ 2 OySj)  ° 2 9l'  ‘ f '9]) 

= J ig^  = KJ^Qi) 


[Jx.Jj,]92  = (Vy-Vx^92 

^ " '^x^"  2 ''^l^  " '^y^l  9-| ) 

= - 2 1 (Jx^l  ^ ■ F^'^y^l ) = - 2 92^  ■ ''92^ 

= - j % = ■'■^'^z9z^ 


Similarly  for  (Z)  and  (3). 


Corollary  1 ; 

(1)  [Jx»'^x^  ~ ^^y’^^y^  ~ ~ ^ 

(2)  [[J^»Jy]»J^]  = [[JyjJ^]>Jx^  ~ [[^2 ’'^x^ *'^y^  ~ ^ 


Q.E.D 


Thus  the  Jacobi -identity  is  satisfied. 
Also  define 


J+  = Jx  + iJy 


which  are  in  C[su(Z)].  The  operator  is  defined  as 


' Jx^x 


J J + 

y y 


p 

and  is  in  [su(Z)]  . 
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The  following  relations  are  easily  verified 

0)  0+92  " ^1  ’ '^+^1  " ° 

(2)  J_g^  = 92  . and  J_g2  = 0 

(3)  [0^.0+]  = 0+  . and  = -J_ 

(4)  0^  = I (J+J_  + J_J+)  + 0^0^ 

(5)  [0^,0^]  = = 0 

(6)  J^g^  = I g^.  and  J^g2  = | 92 

The  Orthogonal  Basis  G(a,r-a)  of  for  a=0,l  ,2, • * • ,r 
In  order  to  construct  simultaneous  eigenstates  of  the  operators 

2 

A(J  ) and  D(J^),  we  need  the  quantities  G(a,3),  where  a, 3 =0,1,2,***, 
which  are  defined  as 

S(a,6)  = (a!6!)'''s(l---o+e)(gf“  gf®) 

= (a!B!)-'  I p(g®“gf®) 

P 

where  p goes  over  all  permutations  in  Note  that  there  are  a!3! 

permutations  in  that  leave  g^'^g®^  invariant.  Also,  for  each  distinct 
monomial  term,  there  are  a!3!  permutations  that  transform  g®°^g®^  into  . 
this  monomial  term.  Thus  when  terms  are  collected  and  divided  by  a!3!» 
the  resulting  quantity  G(a,3)  contains  each  distinct  monomial  term  with 
a coefficient  of  one. 

Some  special  cases  are 
G(a.O)  = g®“ 

G(0,3)  = gf  ^ 

G(0,0)  = 1 
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for  a=l,2,-‘*  and  . 

Theorem  1 : For  each  r,  the  tensors  G(a,r-a)  for  a=0,l ,2, • • • ,r  form 

a basis  for  . 

r 

Proof:  Suppose  y b_G(a,r-a)=0,  then  for  a’=0,l,*'*,r  we  have 

a=0  “ 

0 = (g  h O t I b^G(a,r-a)] 

a=0 

= (a' ! (r-a‘ ) ! ) ^ b^i =0 

Therefore  G(a,r-a)  for  a=0,l,’--,r,  are  linearly  independent. 
Consider  any  T in  L^.  Thus 


y T q q • • *q 

a^.a2.'--.a^  "l^2’--V"l%  % 


we  have 


T = S(l---r)T  = ~ 

r!  r! 


a^,a2,---.a^ 


S(1 


g,  •••g, 

3i  a2  a^ 


= — y 

r!  ^ 


® ot„  03 


/•••a  Sv 
1 »a2 » »a^  12  r 


with  a=  ^6^.^  = number  of  times  appears,  and  3 = ^62^  = number  of 


times  92  appears. 


Therefore  the  tensors  S(l---r)  g®“g®^  span  L^.  Hence  G(a,r-a) 


for  a=0,l,---,r  form  a basis  for 


Q.E.D. 


Computation  of  D(J  ) G(a,3) 


First,  for  a=0,l,2,*-*,  we  have 
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D(J,)g?“=  + g,(J,9i)g?‘“'^’+  gf  (J,g,)g?'“'^> 

+ ■••  + gf<“-"  (o,gi)  '?ag®“ 

Similarly,  for  B = 0,1,2,***  . 

D(J^)  9 2^  = - 7 egf ^ 

Then 

D(J^)(gf’“  gf®)  = [D(J2)gf“]gf®+  g®“[D(J2)gf  ®] 

_ 1 / _ 0a  „ 0 3 

- 2 (ct~6)  9 1 9 2 

and  finally 

D(J^)G(a,3)  = (alBO  ^S(l  * ’ •a+3)D(J^)  (9  ®*^9 
= -^(a-B)  (a!3! ) ^5(1  • • -a+B)  (9  ®°^9  f 
= ■^(a-B)G(a,B) 

2 

Computation  of  a(J  )G(g,B) 

First,  for  B =1,2,---,  we  have 

D(J+)gf®  = (J+g2)gf  + g2(Jt92)9®  + •••  + 

gf<®-'>(0,g2)  = g,g®<®-'>  . g29,gf<®-'>  - - - 9®'®-'>9, 

= n+(12)+(13)  + •••  + Oa)]g,gf<®-'') 

For  B =0,  the  result  is  zero.  Similarly,  for  all  a 
D(J^)9®“  = 0 
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Then  we  have 

D{J^.)(gf“gf®)  = g^“[l+(l2)+(13)  * •••  + (lp)]g,gf<6''') 

= [l  + {cd-l  ,cd-2)+{cct-l  ,cr^'3)  + •••  + (a^l  ,(^6)]  g®  ) 

for  B?^0,  and  the  result  is  zero  for  3=0.  Finally 

D(J^.)G(a,6)  = (a!8!)''s(l---cd-B)D(J^.)(gf“g®B) 

= (a!6!)  S(1  ■ ' 'a+8)[l  + (cx+l  »o8'2)+(cx+l  »o^3)+ — + {a+l  ,a+8)]g  ^g®^^  ^ ^ 

= (a+1 )G(a+l ,3“1 ) 

for  3^0,  and  is  equal  to  zero  when  3=0. 

Similarly 

D(J_)G(a.3)  = (3+1 )G(a-l ,3+1 ) 

for  a^O,  and  is  equal  to  zero  when  a=0. 

Using  the  equation 

A(J^)  = 1 D(J^)D(J_)  + i D(J_)D(J^)  + D(J^)D(J^) 
it  follows  that 

A(J^)G(a,3) 

= [ |-  a(3+l ) + j 3(a+l ) + j (a-3)^]G(a,3) 

= ^ (a+3)[  J (a+3)+1]  G(a,3) 

The  tensor  G(a,3)  is  in  and  has  (a+3)!  (a!30'^  orthonormal 
terms.  Consequently 

-1 


<G(a,3)  I G(a,3)>  - (a+3)!  (a!3!) 
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The  Orthonormal  Basis  of  t2j  Consisting 
of  Simultaneous  Eigentensors  <[>(j,my 

Replacing  a, 3 by  j,m  by 


j = -^  (a+3)  , m = -^  (a-3) 
and  define 

1 . i 

= [j+m)!(j-m)!]  ^ [(2j)!]  ^ G(j+m,j-m) 


where  the  allowed  values  of  j and  m are 
• - n 1 1 3 

m ~ ”j»  “j'^'ls  ’**»  Oj  lj'*'»  j“l»j 


It  follows  that 

(1)  I 

(2)  A(J^)t(j,m)  = j(j+l)t(j,m) 

(3)  D(J^)$(j,m)  = m$(j,m) 


Thus  for  each  given  allowed  value  of  j,  the  tensors  'i>(j,m)  for  all  allowed 

values  of  m form  an  orthonormal  basis  of  l-2j»  eigentensors  of  the 
2 

operator  A(J  ) with  eigenvalue  j(j+l),  and  are  eigentensors  of  D(J^)  witfx 
eigenvalue  m. 

The  Kronecker  Product  Representations  r*^xr^,  0*^x0^  and  A*^xA^ 

r s r s 

Given  two  representations  T and  r of  SU(2),  D and  D of  su(2) 

^ s 2 

(or  C[su(2)]),  and  A and  A of  [su(2)]  with  the  representation  spaces 
and  respectively,  the  corresponding  Kronecker  product  representations 
r s r s r s 

r xT  , D xD  and  A xA  all  have  the  representation  space  and 
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are  given  by  the  homomorphisms  ;M  ->  r(M)  for  all  M in  SU(2); 

2 

A ->  D(A)  for  all  A in  su(2),  and  F ^ A(F)  for  all  F in  [su(2)] 
respectively  where  the  operators  r(M),  D(A)  and  a(F)  are  restricted 
to  operate  on  the  domain  O . The  Kronecker  product  representation 
is  reducible  unless  r or  s equals  zero  since  otherwise,  and  are 
the  invariant  subspaces.  Also,  the  dimension  of  ® is  (r+l)(s+l). 
The  projection  operator  onto  the  subspace  1^,(3  of  is 

(r!s!)‘^S(l-  • - r)S(r+l  • • - r+-s) 

Using  r=2j-j , s=2j2,  we  note  that  the  tensors 


j^.m^)  = <^>(j.j,ni^)  0 $(j2.ni2) 

for  given  values  of  j.|  and  and  all  allowed  values  of  m^  and  m2>  are 
an  orthonormal  basis  of  L„.  0 . It  is  proved  as  follows 

^Jl  ^^2 

<$(jl  »m.|  I $(j-j  »m2,j2>fn^)^ 

= U(j^  .m-| ) ® ® ® ${j2»"’4)3 

= U(ji  .m.|)  G $(j.|,m2)]  [$(02,^12)  O $(j2,m^)] 

~ '^^{j'l  »^i ) 1 ^(j"!  ■^^(J2’^2^  I *I’(j2’^4^^ 

6 6 

This  basis  is  a set  of  simultaneous  eigentensors  of  operators  which 
we  now  define: 

For  each  A in  su(2),  define 

D,(A)  = I 
' k=l 

r+s 

Dp(A)  = I r.  (A) 

^ k=r+l 
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as  operators  on  U 


0 (r+s) 
2 


. Hence 


Theorem  1 : 


(1)  D(A)  = D^(A)  + 02(A) 

(2)  D^(oA+3B)  = aO^(A)  + 30^ (B) 

(3)  D2(oA+3B)  = a02(A)  + 302(B) 

Theorem  2: 

(1)  D^.  (A)S(l  • • *r)  = S(l-*-r)  D^.(A) 

(2)  D.(A)S(r+l---r+s)  = S(r+l-.-r+s)  D^.(A) 
for  i = 1 ,2. 

Theorem  3: 

(1)  D^(A)  (T  0 S)  = [D(A)T]  0 S 

(2)  02(A)  (T  0 S)  = T 0 [0(A)S] 
for  T in  U®*"  and  S in  U®^  . 

Proof:  For  ,W2 , • • • ,w^ , , • ' • in 

(0^(A)(T  0 S)  I w^»W2’”'’^r’^r+r‘"’^r+s^ 


r 


( 1 r (A)(T0S)  1 w 

k=l 


r 


I (T|^(A)(T  0 S)  I ,W2,' • • 
k “ 1 


= I (T  0 S I W] , • • • ,AW|^,  • • • ,w^,  • • • 

k“l 


r 
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= (D(A)T  I w-|  ,•  • • ,w^)  (S  I 
= ([D(A)T]  0 S I 

Hence  D^(A)  (T  © S)  = [D(A)T]  0 S.  Note  that  the  D operator  of  this 
theorem  is  the  representation  defined  on  and  is  different  from 
the  D operator  which  is  the  d'^xD^  representation  defined  on  0 L^. 
Similarly  for  (2).  Q.E.D. 

For  each  F = )]  A^B.  in  [su(2)]  , define 

k=l 

"i<J,  W = X 

- J,  WW 


as  operators  on  . Hence 

Theorem  4: 

(1)  A.(F)sd---r)  = s(l---r)A.(F) 

(2)  A^.  (F)S(r+l  • • -r+s)  = S(r+1  • • • r+s)A^. (F) 
for  i=l ,2. 

(3)  A^(F)  (T  0 S)  = [A(F)T]  0 S 

(4)  A2(F)  (T  0 S)  = T 0 [A(F)S] 
for  T in  and  S in  U®^  . 


• ■ \ 
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Note  that 

A(F)  f A^(F)  + A^CF) 

Now  we  have 

2 2 

A-](0  )$(j-|  ;j2,ni2)  = [A(J  )$(j-|  )]  0 $(02,1112) 

“ j'l  ( jl"^!  )$(j'l  »f^-] » 

o 2 

^2^{J  )$ ( j 1 ,nii  j j 2 »^2 ) J ] *^1  ^ ® [A(J  )$(J2>^2^^ 

= 02(32'^''  ’"i]  ;J‘2»'^2^ 

D-,  (J2)$(j^  ,m^  ;j2,ni2)  = [D(J^)$(j^  )]  0 $(02,1112) 

= nii$(0i  ,m^  ;02>'"2^ 

D2(J2^^^^V"’r^'2’'^l^  ^ '^’(j].m^)  0 [D(J^)$(02.m2)] 

= ni2$(0i  ,m-]  ;02>ni2^ 

O 

Thus  $(o-|  ,m.|  ;o"2»'^2^  ® simultaneous  eigentensor  of  A^  (J  ) with 

2 

eigenvalue  o'i(Oi+l),  of  A2(0  ) with  eigenvalue  o'2(j2‘'’^^’  *^1  ^*^2^ 

eigenvalue  m^ , and  of  02(0^)  with  eigenvalue  m2* 

t t 

The  Subspaces  ^ and  the  Direct  Sum  0 = © L 

r s r,s 

(At=2) 

Now  we  construct  the  subspaces  of  L 0 L , where 

I j s r*  s 

t = I r-s| , I r-s|+2, I r-s|+4, • • • ,r+s  . The  subspace  is  defined  as 

r 5$ 

the  set  of  all  tensors  in  0 which  can  be  expressed  in  the  form 
S(1  • • *r)S(r+l  • • *r+s)  p^^  ^jA®^0T 
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with  T in  L^,  where  P ~ and  where  is  a permutation 

in  defined  as 


P(q.t)(^k-1)  = k for  k = 

P(q,t)^^k)  = q+t+k  for  k = 1 ,2, • • • ,q 

P(q,t)^^^'^k)  = q+k  for  k = l,2,---,t 


For  fixed  r and  s,  the  possible  value  of  q are  q=0,l ,2,- • • ,min(r,s). 
For  q values  min(r,s)  < q ^ ^(r+s),  the  zero  tensor  is  produced.  The 
range  of  values  for  q and  the  relation  t=r+s-2q  leads  to  the  values  of 
t,  which  are  t=|r-s | , | r-s |+2, | r-s|+4,’ • • ,r+s  . The  permutation  p^^ 
on  a tensor  product  acts  as  follows: 


P(q,t)  ^1^2' 


■%^2q+1^2q+2  ^2q+t 


= "l  "3 ' • ' "2q-l  "2q+l  "2q+2 ' ’ ’ "2qn"2"4*  ‘ ‘ ‘^2q 

thus  takes  the  vectors  in  the  first  q even  numbered  positions 

and  moves  them  to  the  right  end,  keeping  them  in  the  same  order  with 


respect  to  each  other. 

The  subspace  has  the  same  dimension  as  L , which  is  t+1 

r j S t 


will  be  shown  later  by  explicit  construction  of  a basis  for 
the  dimensions  gives 


r+s 

t=|r-s 

(At=2) 


(t+1)  = (r+l)(s+l) 


This 

Summing 


which  agrees  with  the  dimension  of  © L^.  It  will  be  shown  later  that 
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the  subspaces  are  orthogonal  to  one  another,  thus  L 0 
r,  s r 

direct  sum  of  these  subspaces,  i.e. 

t 

i.„  0 L = ® l;  . 

(At=2) 

Action  of  r(M),  D(A),  and  A(F)  on  the  Subspaces 
— r.jtA 

For  M in  SU(2),  since  det(M)  = 1 , we  have 


Then 


and 


r(M)A  = A 

r(M)A®'’  = [r(M)A]®^  = A®^ 

r(M)(A®'’  0 T)  = [r(M)A®'’]  0 [r(M)T] 
= A®'’  0 [r(M)T] 


for  T in  L^.  Since 
r(M)p  = Pr(M) 

for  any  P in  CS^^^,  it  follows  that 

r(M)[S(l---r)5(r+l---r+s)p^q^^jA®^  0 T] 

= S(l-'-r)S(r+l*--r+s)p^q^^jA®^  Q [r(M)T] 
for  T in  L^. 

For  A in  su(2),  since  tr(A)  = 0,  we  have 


Lg  is  the 


D(A)A  = 0 
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Then 

D(A)A®^  = [D(A)A]  a A®^^"''^  + A a [D(A)A]  a 
+ A®^  0 [D(A)A]  a A®  + •••  + A®^'’'''^  a [D(A)A]  = 0 
for  q = Furthermore 

D(A)  (A®"^  a T)  = [D(A)A®'^]  a T + A®'’  a [D(A)T] 
=A®^a[D(A)T] 
for  T in  L^.  Since 
D(A)P  = PD(A) 

for  any  P in  CS^^,  it  follows  that 

D(A)[S(1  • • *r)s(r+l  • • -r+s)  a T] 

= 5(1  • • -r)s(r+l  • • -r+s)  p^^^^^A®*^  a [D(A)T] 
for  T in  L^. 

For  A,B  in  su(2),  we  have 

A(AB)  (A®^  a T)  = D(A)D(B)(A®^  & T) 

= D(A){A®'^  a [D(B)T]}  = A®'’  a [D(A)D(B)T] 

= A®%  [A(AB)T] 

and  it  follows  that 

A(F)(A®‘'  8T)  = A®'’  ® [A(F)T] 

2 

for  arbitrary  F in  [su(2)]  . Since 

A(AB)P  = D(A)D(B)P  = D(A)PD(B)  = PD(A)D(B) 

= PA(AB) 
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it  follows  that 

A(F)P  = Pa(F) 

2 

for  arbitrary  F in  [su(2)]  . This  leads  to  the  result 
A(F)[S(l---r)5(r+l,---,r+s)p^q^^jA®^  ® T] 

= S(l*--r)s(r+l,---,r+s)p^q^^jA®^  0 [A(F)T] 

for  T in  L^. 

The  Map:  T ->  T from  L.  to 

p ) $ L > s 

Define  the  linear  map  from  L.  onto  as  follows: 

r,s  t r,s 

wJ^gT  = S(1  • • -r)S(r+l  ,•  • • ,r+s)p^q  t)^***^  ® ^ 

Since  ^ has  the  same  dimension  as  L^,  this  map  is  one-to-one  from 
onto  . Consequently  the  inverse  (W^  ^ of  ^ exists.  The 

results  derived  in  the  above  section  can  be  stated  in  the  form 

r(M)wJ^ J = W^^^r(M)T 

D(A)wJ^ J = wJ^^D(A)T 

A(F)w‘_sT  = WJ_^A(F)T 

Thus  the  subspaces  for  each  t are  invariant  under  the  operation 

r j s 

of  r(M),  D(A)  and  A(F)  on  o . 

The  Representations  , A^ 

Lie r,s 

on  the  Representation  Space  ^ 

The  representations  of  SU(2),  ^ of  su(2)  (or  C[su(2)]),  and 

I j S i>  s 

t 2 t 

A of  [su(2)]  with  the  representation  space  L are  given  by  the 
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homomorphisms:  M^r(M)  for  all  M in  SU(2);  A D(A)  for  all  A in  su(2), 
and  F a(F)  for  all  F in  [su(2)]  respectively  where  the  operators  r(M), 
D(A)  and  a(F)  are  restricted  to  operate  on  the  domain  L 


r,s  ■ 

Let  r^^^(M),  D^^^(A),  and  A^^^(F)  denote  the  restriction  of  the 
operators  r(M),  D(A),  and  a(F)  respectively  to  the  domain  Let 
^(r!s)^^^’  ^(r!s)^^^’  '^(r!s) denote  the  restriction  of  the  operators 

r(M),  D(A),  and  a(F)  respectively  to  the  domain  lI  . . Then  the  equations 
of  the  above  section  can  be  expressed  in  the  form 
.t  .,t  ^(t) 


,(t) 
(r,s) 


from  which  it  follows  that 

Thus  the  representations  rj  , dJ  ^ and  A^  ^ are  equivalent  to  the 

ijb  '»b  »>s 

representations  r^,  and  A^  respectively. 


Projection  Operator  onto  and  the  Inner  Product  Theorem 
■ » s 

Define  the  operator 

= 5(1 • • •r)S(r+l , • • • ,r+s)A(l ,r+s-q+l )A(2,r+s-q+2) • • *A(q,r+s) 
S(q+1  • • ‘r+s-gj 
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^r,s  " (>""q)!(s-q)!(>"+s-2q)!q!(l+r+s-q)!/(1+r+s-2q)! 

for  r+s-q  > r+1  > r > q+1  . 

Proof: 

^r.s'^r.s  " 5(l--*r)S{r+l,--*,r+s)A(l,r+s-q+l)---A(q,r+s) 

5(q+l • • • r+s-q )s(l • • *r)s(r+l • • *r+s)A(l ,r+s-q+l) • • *A(q,r+s) 

S(q+1 • • -r+s-q) 

= S(1 • • -r)s(r+l • • •r+s)s(q+l • • -r+s-q)A(q,r+s) • • -A(l ,r+s-q+l ) 

S(1 • • -r)S(r+l • • -r+s)A(1 ,r+s-q+l ) • • -A(q,r+s)S(q+l • • -r+s-q) 

since  A(i,r+s-q+i)  commutes  with  A(j,r+s-q+j)  for  i j and  1 ^ i,  j ^ q. 
Also  S(q+1 •• -r+s-q)  commutes  with  A(i,r+s-q+i)  for  1 ^ i ^ q. 

We  have 

A(q »r+s) - * ■ A(1 ,r+s-q+l )S(1 • • • r)S(r+l • • • r+s )A(1 ,r+s-q+l ) • • -A(q ,r+s) 
, = A(q,r+s)---A(l,r+s-q+l)[l+(12)+(13)+---+(lr)] 

[1  + (r+l  ,r+s-q+l ) + • • - + (r+s-q,r+s-q+l)  + (r+s-q+2,r+s-q+l )+•’•  •+ 
(r+s,r+s-q+l )]A(1 ,r+s-q+l )5(2- • -r)S(r+l • • -r+s-q, r+s-q+2* - -r+s) 
A(2,r+s-q+2)- • -A(q,r+s)  ( A^) 

since 

S(l-.-r)  = [l+(12)+(13)+-..+(lr)]S(2-.-r) 
and 

S(r+1---r+s)  = [l+(r+l ,r+s-q+l ) + --•  +(r+s-q,r+s-q+l ) 

+ (r+s-q+2, r+s-q+1 )+• • -+(r+s ,r+s-q+l )]S(r+l • • -r+s-q, r+s-q+2- • -r+s) 
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Now 

A(1 ,r+s-q+l ) [1+(1 2)+ •••+(! r)][l+(r+l ,r+s-q+l )+•••+ 

(r+s,r+s-q+1 )]A(1 ,r+s-q+l ) 

r+s  r 

= [(r-l)+(s-l)+2+  I A(i,j)]  A(1  ,r+s-q+l) 

j=r+l  1=2 

j7r+s-q+l  ^ 

= [(r-l)+(s-l)+2+(r-l)(s-D-  I I (i,j)]A(l  ,r+s-q+l) 

j=r+l  1=2 
j7r+s-q+l 


by  Theorem  1 and  Corollaries  1 and  2 in  the  paragraph  "Antisymmetrization 
and  Symmetrization  Operators  in  CS^." 


Next 


r+s  r 

A(2,r+s-q+2)[(r-l)+(s-l)+2+{r-l)(s-D-  I I (i,j)] 

j=r+l  i=2 
j^r+s-q+1 
r+s  r 

= [(r-l)+(s-l)+2+(r-l)(s-l)+l  - I ):  (i.j)]A(2,r+s-q+2)  (Bj 

j=r+l  i=3  ' 

j7r+s-q+l 

j7r+s-q+2 


when  acting  on  the  remaining  factors,  since 


A(2,r+s-q+2) (2,r+s-q+2)  = -A(2,r+s-q+2) 
A(2,r+s-q+2)(2,j)  = (2,j)A(j,r+s-q+2) 

A(2,r+s-q+2) (i ,r+s-q+2)  = ( i ,r+s-q+2)A(2,i ) 
A(2,r+s-q+2)(i,j)  = ( i , j)A(2,r+s-q+2) 

A(j ,r+s-q+2)5(r+l • • -r+s-q,r+s-q+2' • -r+s)  = 0 
A(2,i)S(2---r)  = 0 

for  j=r+l ,• • • ,r+s-q,r+s-q+3,- • • ,r+s  and  i=3,4,---,r. 

Repeating  this  procedure  acting  with  the  q-2  factors 
A(3,r+s-q+3) , • • • ,A(q ,r+s)  consecutively,  we  have 
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r+s-q  r 

[(r-l)+(s-l)+2+(r-1)(s-l)+(q-l)  - I I (i ,j)]A(q,r+s) 

j=r+l  i=q+l 

• • -A(l ,r+s-q+l ) 

Bring  A(1,r+s-q+1)  to  the  last  position  of  , then  consider 


A(2,r+s-q+2)S(2* • *r)S(r+l • • • r+s-q, r+s-q+2- • • r+s)A(2,r+s-q+2) 

Repeating  (A^ ) procedure,  we  have 

[(r-2)+(s-2)+2+(r-2)(s-2)  - [ [ (i ,j)]A(2, r+s-q+2) 

j=r+1  i=3 

jVr+s-q+1 

j7r+s-q+2 

•S(3- • •r)S(r+l • • • r+s-q, r+s-q+3- • -r+s) 

Repeating  (B^)  procedure  acting  with  A(3, r+s-q+3) ,••• ,A(q,r+s)  consecutively, 
we  have 

r+s-q  r 

[(r-2)+(s-2)+2+(r-2)(s-2)+(q-2)-  I I (i,j)] 

j=r+l  i=q+l 

• A(q,r+s) • • ‘A(3,r+s-q+3)A(2, r+s-q+2) 


Bring  A(2, r+s-q+2)  to  the  last  position  of  , then  consider 

I j 5 I j S 

A(3,r+s-q+3)5(3* • •r)S(r+l • • -r+s-q, r+s-q+3* •• r+s)A(3, r+s-q+3) 


From  the  above  derivation,  we  knock  off  one  element  from  S(l---r) 
and  S(r+l---r+s)  respectively  each  time,  and  derive  a factor 

r+s-q  r 

[(r-k)+(s-k)+2+(r-k)(s-k)+(q-k)  - I I (i.j)] 

j=r+l  i=q+l 


Finally  this  procedure  ends  after  the  q-th  step.  Hence  the  remaining 

parts  are  S(q+1 •• -r) ,S(r+l •• -r+s-q)  and  the  final  factors  are 

^ r+s-q  r 

n [r-k)+(s-k)+2+(r-k)(s-k)+(q-k)-  I j (i.j)] 

k=l  j=r=l  i=q+l 
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Thus 

c “ 5(1 • • •r)S(r+l • • •r+s)5(q+l • • *r+s-q) 

I j b f j b 

q r+s-q  r 

n [(r-k)+(s-k)+2+(r-k)(s-k)+(q-k)  - I I (i , j)]s(q+l ' * t) 

k-1  j=r+l  i=q+l 

‘S(r+1 ) • • • r+s-q )s(q+l • • T+s-q)A(l ,r+s-q+l ) • • -A(q,r+s) 

= (r-q) !(s-q) !S(1 • • •r)S(r+l • • -r+s)S(q+l •• -r+s-q) 

q r+s-q  r 

n [(r-k)+(s-k)+2+(r-k) (s-k)+(q-k)-  I I (i ,j)]S(q+l ••• r+s-q) 

k=l  j=r+l  i=q+l 

•A(l ,r+s-q+l ) • • -A(q,r+s) 
for 

S(q+1 ••• r)S(q+l •• -r+s-q)  = (r-q) !S(q+l -- -r+s-q) 

S(r+1 •• *r+s-q)5(q+l -- -r+s-q)  = (s-q) !S(q+l •• -r+s-q) 

Thus 

^r.s'^r.s  " (s-q)  !S(l---r)S(r+l---r+s)S(q+l-- -r+s-q) 

q 

n [(r-k)+(s-k)+2+(r-k) (s-k)+(q-k)-(r-q)(s-q) 
k=l 

r+s-q  r 

+ I I A(i,j)]S(q+l---r+s-q)A(l,r+s-q+l)---A(q,r+s) 
j=r+l  i=q+l 

= (r-q) ! (s-q) !S(1 - - -r)S(r+l - - -r+s)S(q+l - - -r+s-q) 

q 

• n [(r-k)+(s-k)+2+(r-k) (s-k)+(q-k)-(r-q) (s-q)]S(q+l -- -r+s-q) 
k=l. 

-A(l ,r+s-q+l ) - - -A(q,r+s) 

since 


S(q+1 - - -r+s-q)A(i,j)  = 0 
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for  i = q+l,’**,r,j  = r+1 , • • • ,r+s-q  . 

Hence 

t t 

K <;  " (r-q)!(s-q)!  n [(r-k)  + (s-k)+2+(r-k)  (s-k)+(q-k) 
r,s  r,s 

-(r-q) (s-q)]s (1 • • T)S(r+l • • -r+s-q)S(q+l • • -r+s-q)s(q+l * * -r+s-q) 

•A(l ,r+s-q+l ) • • *A(q,r+s) 

q 

= (r-q) ! (s-q) ! (r+s-2q) ! IT  [(r-k)  + (s-k)+2+(r-k)(s-k) 

k=l 

+ (q-k)-(r-q)(s-q)]M^^^ 

= [(r-q) ! (s-q) ! (r+s-2q) !q! (1+r+s-q) !/(l+r+s-2q) !]M^  Q.E.D. 

r j s 

t 

The  transpose  M of  M is 
r,s  r,s 

= S(q+1 • • -r+s-q)A(q,r+s) • • •A(1 ,r+s-q+l )S(r+l • • •r+s)S(l • • ’r) 
r j s 

Lemma  2:  K . = 6^  _ S(q+1 • • -r+s-q)A(l ,r+s-q+l ) • • -A(q,r+s) 
where  6^  . = r!s!ct^  . 

Proof:  _ = S(q+1 • • •r+s-q)A(q,r+s) • • •A(l ,r+s-q+l ) 

P 5 S P 9 S 

S(r+1 • • •r+s)S(1 • • *r)S(l • • • r)S(r+l • • •r+s)A(l ,r+s-q+l ) • • * 
A(q,r+s)5(q+l • • *r+s-q) 

= r!s!S(q+l  • • *r+s-q) [A(q,r+s) * • •A(l ,r+s-q+l )S(1 • • *r) 

S(r+1 • • *r+s)A(l ,r+s-q+l ) • • •A(q,r+s)]S(q+l • • *r+s-q) 

By  Lemma  1 above,  the  quantity  in  the  parenthesis  [•••]  can  be  replaced 
by  [(r-q) ! (s-q) !q ! (1+r+s-q) !/(l+r+s-2q) !]A(1 ,r+s-q+l ) • • *A(q,r+s) . 


Thus 
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^r.s^r.s  " l^''!s!(r-q)!(s-q)!q!(l+r+s-q)!/(l+r+s-2q)!] 
•S(q+1 • . .r+s-q)A(l ,r+s-q+1 ) • • -A(q,r+s)5(q+l • • -r+s-q) 

= [r!s!(r-q)!(s-q)!(r+s-2q)!q! (l+r+s-q)!/(l+r+s-2q)!] 


1 .e. 


•S(q+1 • • • r+s-q )A(1 ,r+s-q+l )• • -A(q,r+s) 


Q.E.D. 


Lemma  3: 


(1)  For  p,q  in 

(12  3' 
P j ql  q2  q3' 


r+s 
q(r+s) 


\ /pi  p2  p3 
Ipql  pq2  pq3 


p(r+s)  ) 
pq(r+s)  / 


(3)  P(q^^jS(2q+l---2q+t)  = -S(q+1  • • -q+t)p^q 

Proof:  (1)  and  (2)  can  be  derived  by  the  definitions.  For  (3): 
Let  R be  the  set  of  permutations  in  which  permutes  elements  of 

{2q+l ,2q+2, • • • ,2q+t}  among  themselves  and  acts  as  the  identity  outside 
this  set.  Then 

P(q.t)  5(2q+l---2q+t) 

" ^ ^P(q  t)P^ 

peR 

^ j P(,,t)(2qn)» 

PsrI  P(q.t)P(2q'^')P(q,t)P(2q+2)-"P(q,t)P(2qn)f 


by  (2).  Then 
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q+1  q+2  . . . q+t 


since  each  maps  {2q+l ,2q+2, • • • ,2q+t}  onto  {q+1 ,q+2,- • • ,q+t}.  Q.E.D. 


W^^sT  = 5(l...r)S(r+l---r+s)p(q^^jA®'’  ® T 
= S(1  • • •r)S(r+l  ’ • T+s)p^q^^j  [(|-  A(1 ,2) A)  a ^ 


A(2q-l,2q)A®'’  0 S(1  • • -t)!] 

= S(l---r)S(r+l-*-r+s)(^f  tl  P(q,t)  [A(1.2)A(3,4)--- 
A(2q-l,2q)S(2q+l*--2q+t)A®‘^  0 T] 

= (-^)P  S(1  • • *r)S(r+l  • • -r+s)A(l  ,r+s-q+l ) ••• 

A(q,r+s)S(q+l  • • -r+s-q)p^q^^jA®P  <S  T 


Proof: 


since  A(1 ,2)A  = A and  T = -^  5(1  • • *t)T  iff  T . 


Thus 


= S(l..T)S(r+l--T+s)p(q^^)  [(^)"’a(1,2)A(3,4)-“ 


by  Lemma  3 above.  Thus 


Q.E.D. 
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5:  where  and  are  the  transpose 

and  the  inverse  of  respectively. 

<P(q.t)"l"2-  • ■ V2q+1  ’ ' ' Vt>° ‘''l''2' ' 

= (i,  u^-  • ■ ■ ■“2qtt>°(P(q  ,t)''l''2- ' •''2q''2qtl ' ’ ■''2qtt> 

“'“l  “2-  • -"2qVl  ■ ■ ■Wt'°'''l''3‘  ■ •''2q-l''2qrl ' ' '''2q+t''2''4- ' •''2q> 

= (TT,  »v, ) (Uj^Vj)  (U30  Vj)  • ■ • (Uq»V2^_, ) ) • • • 


< Vt+1°''2>---S+t°''2q> 

= (u,  .V, ) ( Vt+2”''4>  • • ■ <“2q+t°''2q> ' ' ' 

<“qn°''2q+t> 

= ( Vqn+l“2Vtt2'  • ■ “qVA+l  ' ' ■“qn>°<''l''2' ' •''2q+t> 
= <P(q,t)V2---Vt’°'''l''2"-''2qn' 


for  all  u/s  in  and  v/s  in  U^.  Thus 


(q,t)  '^(q.t) 


Q.E.D. 


Inner  Product  Theorem:  Given  T and  Sin  U and  the  associated  ..T 

■ U ' > 5 

and  c * 

r j s » j s 

<W^  T I S>  = A . <T  I S> 
r,s  ' r,s  rst  ' 

where 


= r!s ! (r-q) ! (s-q) !q! (1+r+s-q) !/(l+r+s-2q) ! 
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Proof: 


<w!  I S> 
r,s  ' r,s 


' i <,sP(q.t)^®'  ® T I (1)^  ± Mj.sP(q.t)^"^  ® S> 

.t 


= [(^)‘'  ir  ]H.sP(q,t)""'’  ® T I M;.sP(q,t)''"''  a S> 


2'  tl  -V.s'V.sP(q.t)^"'^aT|p,^^^,A"H.S> 


= [(^)^  :^  ]^<mJ  n.  ,A®^«sTln  A®P 

= [(-^)^  <5(q+l  • • T+s-q)A(l  ,r+s-q+l)A(2,r+s-q+2) 


A(q.r+s)p(q^t)^®'’  0 T I ® S> 


'(q.tr 


^2^"^  t!  ^r,s  ^P(q,t)^^^  ® "^1  P(q,t)^*'^  ® 


since 


S(q+1  • • -r+s-q)A(l  ,r+s-q+l )A(2,r+s-q+2) • • *A(q,r+s)p^q  ^ 

= (t!2‘’)P{q,t)'t®‘' ® T 


Thus 


= <2)'  tT  I s> 

= Ti  8^.s  I 


rst 


<T  I S> 
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since 


< ® T|A®^  ® S> 


= (A®^  ® T)  © (A®^  O S) 


= (A®"^  0 T)  O (A*^^  0 S) 


= (A®"^  0A®"^)(T  0 S) 

= 2^^  (T  O S) 

= 2^<T|S>  Q.E.D. 

Corollary:  I ^ " rsq(l+r+s-q)  <wJ_i^3_-|T  |wJ_-,^^_iS>  . 

Proof:  By  the  Inner  Product  Theorem  with  r,s,q  replaced  respectively 

by  r-1 ,s-l ,q-l  we  get 

<W^  , J I , ,S> 

r-l,s-l  ' r-l,s-l 

= (r-1 ) ! (s-1 ) ! (r-q) ! (s-q) ! (q-1 ) ! (r+s-q) !/(l+r+s-2q) ! <T|S> 

The  result  follows.  Q.E.D. 

By  Lemma  1 


Note  that  — r — ^ is  the  projection  operator  on  ^ 


a 


r,s 


and  4 we  have 


a 


f-  J)  . Wf_  J 

r,s 


for  T eL^  . 

We  can  also  prove  that  has  the  same  dimension  as  L^.,  which 

s t 

is  t+1.  Take  any  orthonormal  basis  »T2> ’ ' ' »T^+]  of  L^.  Then 

_ 1 t 

(A^5t)  ^ '^r.s^k  k=l  ,2,- • • ,t+l  is  an  orthonormal  set  which  spans 
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L . The  orthonormality  implies  linear  independence,  consequently 
ij  s 

this  set  is  a basis  for  . Therefore  the  dimension  of  is 

r,s  r,s 

t+1 . 


We  state  here  a convenient  form  of  the  result  of  the  Theorem  with 

j j “ ^21 

1 J ^ J 1 9 J 2 ^ 


r=2j,.s=2J2.t=2a.q=j,+j2-j  and  B . . = Ay  ..  For  T.S  in 


1.2j  we  have 


^“y,.2j/l«2'i,.203S>  = Bj^J^j<T|S> 


where 


J"l  J2^ 


( 2 j ^ ) ! ( 2 j 2 ) ! ( j 1 + j 2"  j ) ! ( j 1 - j 2+ j ) ! ( j 2~  J 1 + j ) !( 1 + j 1 + j 2+ J ) 


(l+2j)! 


Another  Orthonormal  Basis  for  L„.  <D  L„. 
2j^  2j2 


We  shall  construct  a basis  for  l2j 


1 


L«.  which  are  simultaneous 

tj  2 


eigentensors  of  a given  set  of  operators  to  be  prescribed.  Define 

_ i 

_ i 


where 

The  allowed  values  for  ji,j2.j,m  are  seen  to  be  j^=0,  !,•••; 

j'2~^’  ~2’  J~  I J 1 “ J 2 1 ’ I "^'l  2 ^ ^ 1 2 ^ ”*'^’ * * * *'^1^'^2* 

m=-j,-j+l,-j+2, 
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For  fixed  it  follows  from  the  Theorem  that  $.  . (j,m) 

J]J2 

for  the  allowed  values  of  m is  an  orthonormal  basis  of 


2*  2i  • It  is  also  true  that  . (j,m)  and  . (j',m')  are 

JiJ- 


J1J2 


’V2 


orthogonal  for  since  they  are  eigentensors  of  the  Hermitian 
.2 


operator  a(J  ) corresponding  to  different  eigenvalues  (the  eigenvalues 

L 


will  soon  be  given).  Thus  the  subspaces 


and  variable  j are  orthogonal  to  one  another.  Since  L,. 

2j^ 

is  the  direct  sum  of  the  subspaces  , i.e. 

^ J 1 > ^ J 2 

2j 


Aj=l 


we  see  that 


for  fixed  and  all  allowed  values  of  j,m 


form  an  orthonormal  basis  of  t,.  at,.  . 

Since  all  tensors  in  t2j  ® ^2j  eigentensors  of  At(J^)  and 


1 


A2(J  ) with  the  corresponding  eigenvalues  j^(j^+l)  and  j2(j2‘‘‘I) 

respectively,  we  have 

.2, 


A,(J  )$.  . (j,m)  = j'  (j,+l)  $ . (j,m) 


We  also  have 


= j(j+l)  <!>-.  . (j.m) 

J1J2 
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_ i 

D(J  )<!>,  , (j,m)  = (B,  , .)  ^ [D(Jj$(j,m)] 


z J]  ^2 
= m $.  . (j,m) 


j 1 j 2'^"  2 j 1 j 2 j 2 z 


Thus 


2^  . 


i (j»ni)  is  a simultaneous  eigentensor  of  A,(J  ) with  eigenvalue 

J1J2 

2 2 
j-|(jl+l)»  of  A2(J  ) with  eigenvalue  j2(j2'*'^)»  ) with  eigenvalue 

j(j+l)  and  of  D(J_)  with  eigenvalue  m. 


Clebsch-Gordan  Coefficients  C.  . (m, ,m„;j,m) 

J 1 J 2 * ^ 


We  have  the  two  bases  $(j-|  ,m^  ;j2,m2)  (all  allowed  m^  ,m2)  and 

,•  (j5m)  (all  allowed  j,m)  of  L_.  ® L„.  for  fixed  j',j'  . The 

J-|J2  ^J-]^J2  ^ 

expression  of  one  basis  in  terms  of  the  other  basis  defines  the  Clebsch- 

Gordan  coefficients  C.  . (m  ,m  ;j,m),  i.e. 

J]J2  ' 2 


<I>.  (j»m)  = I C . . (m,  .m^-.j.m)  $(j-,  .m,  ;j'  ,m„) 

■^^2  m^,m2  ’^^2  ' ^ 1 1 z z 

where  the  sum  is  over  all  allowed  values  of  m^,m2.  It  follows  from 
the  orthonormality  of  <I>(ji  >m^ ; J2»m2)  (all  al lowed  m^ , m2)  that 

Cj  J.  (m^,m2;j,m)  = <$(j^  ,m^ ; J2,m2  j (j.m)> 


Derivation  of  an  Expression  for  the  Clebsch-Gordan  Coefficients 
Now  we  shall  give  a derivation  of  an  expression  for  the  Clebsch- 
Gordan  coefficients.  First  we  need  the  following  equation  which  is 
obtained  from  the  expression  for  G(a,6)  with  a=j+m  and  B=j-m. 

^ - I 

^(j.m)  = [(j+m)!(j-m)!]'?  [(2j)!]  2 G(j+m,j-m) 

_ i 

= [(2j)!(j-Hn)!(j-m)!]'  ^ S(1  ■ • -ajjCg  ® g ® 
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Substituting  the  expression  for  $(j,m)  into  the  equation 

_ i 


J 1 J 2>1 


J1J2 


gives 


©(Ji+j^-j)  -i  i 

I [(jyj2+J-k)!(j+ni-k)!(j2-ji-ni+k)!]"^  [g  ® ® g ® 


®(j+m-k)  ^ (jo-ji-'^+k)-,, 

1 ® g 9 ^ 


® [g  I ' ® g 2 


where  k is  summed  over  all  values  which  give  rise  to  no  factorials  of 
negative  integers  in  the  summand.  This  result  was  obtained  by  collecting 
together  all  the  monomial  terms  of  ^>(j,m)  in  which  g^  appears  k times  in 
the  first  ji-j2+j  places,  and  then  summing  over  k.  Because  of  the  operator 
5(1  • • -2j,  )S(2j,+l  • • • 2j-|+2j«)p . . • , any  permutation  of  a monomial  term 

I I I t j 1 j 2^ 

of  ^(j,m)  which  permutes  the  first  ji-J2+j  vectors  among  themselves  or 
permutes  the  last  j2-Ji+J  vectors  among  themselves  does  not  change  the 
contribution  from  that  monomial  term  of  $(j,m)  to  the  result.  Thus,  each 
monomial  term  in  which  g^  appears  k times  in  the  first  j-j-j2+j  places 
(and  consequently  j+m-k  times  in  the  last  j2-J-]+j  places)  can  be  replaced 
by 

Cgi"'  ® gf a a g | 

which  is  such  a permutation  of  it.  The  factor  (j+m)!(j-m)!  appears  because 
that  is  the  number  of  times  each  distinct  monomial  appears  in 
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which  equals  the  number  of  permutations  of  j+m  objects  times  the  number 
of  permutations  of  j-m  objects.  The  factor 


k!(ji-j2+j-l<)!  (j+m-k)!(j2-j^-m+k)! 


is  the  number  of  distinct  monomials  in  which  g-j  and  92  appear  k 
times  and  j^-j2+J-k  times  respectively  in  the  first  j^-j2+j  places  while 
and  92  appear  j+m-k  times  and  j2-j-|-m+k  times  respectively  in  the 
last  j2-j-|+j  places,  which  equals  the  number  of  combinations  of 
jl~j2+j  objects  taken  k at  a time  multiplied  by  the  number  of  com- 
binations of  j2-j-|+j  objects  taken  j+m-k  times. 

Now,  the  substitution  of  the  following 


® (j-I+jo-j) 
A 


® (ji+j2-j) 

(9,92-929,) 


into  the  original  expression  for  $.  • (j,m)  gives 


^ 1 ®(ji+j,-j-s) 

{(j^+J2-j)!  I(-D  [s!(j^+j2-j-s)!]  [9^92)  ' ^ 

s 

® (929]) 


where  s is  summed  over  all  values  which  give  rise  to  no  factorials  of 
negative  integers  in  the  summand.  This  was  obtained  by  taking  the 

®(ji+j2-j) 

binomial  expansion  of  (9i92"929])  » ^)ut  the  following  fact  was 
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needed.  Due  to  the  presence  of  the  operation 

any  permutation  of  a monomial  term  of  which  permutes  the 

vectors  in  the  odd  numbered  positions  among  themselves  or  the  vectors 
in  the  even  numbered  positions  among  themselves  will  not  change  the 
contribution  of  that  monomial  term  the  result.  Now  when  a® 
is  expressed  as  a polynomial  in  the  two  quantities  g^g2  and  g29-|> 
permutations  of  these  pairs  among  themselves  are  valid.  This  is  true 
because  such  a permutation  only  permutes  vectors  in  odd  numbered 

I 

positions  among  themselves  while  permuting  vectors  in  even  numbered 
positions  among  themselves.  The  factor 

(J1+J2-J ) '■  (-1  )^[s ! ( ji+J2-j-s)  !]"^ 

Jn+jp-j-s 

appears  because  it  is  the  binomial  coefficient  of  x ' ^ y in  the 

expansion  of  (x-y)"^^  ^ . 

We  now  have  two  expressions  for  • (j,m),  one  where  $(j,m)  is 

J1J2 

replaced  by  a sum  and  one  where  a ® replaced  by  a sum. 

Combining  these  two  results  and  carrying  out  the  operation  p-  4 ^ gives 

Jl  J2>J 

[g,®<jrj2-j-=>  a g*'^  agf(jrJ2+j-k)]  a [g®(J«-K) 

8 glOz-j,-'"*!')  9 g®(JrJ2-J-5) 
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50--*2j^)s(2jyi---2jy2j2)  I ^ 

[s ! (ji+j2-J-s) ! ( j’2-j 

^g®(jVJ2-J-s+k)  ^g®(jrJ2"J+s-k)^  a [g 


(-1)' 

^-m+k) !]"^ 

a (j+m+s-k) 
1 


ag8(2J2-j-m-sH)3 


where  1 1 

1 

(j2-jyj)!  [(j+m) ! (j-m) !]  ^ 

1 

= [(2j+l)(jyj2-j)!(j^-j2+j)!(j2"Jl‘*‘J^^  ^ 

_ i i 

[(jyj2+J+l)l(2jy  !(2j2)!]  ^ [(j+m)!(j-m)!]  ^ 

Now  replace  the  index  k by  m-j  = j2"j-s+k,  then 


4>-  ,•  (j.m)  - K.  . • S(l---2j,)S(2jyi---2j,+2j'  ) I 


[s ! (jyj2-j-s) ! (jym^-s) ! ( j2+m-m^-s) ! ( j-j2+m^+s) ! 
a g®(J'2-'"+"'l)] 


where  m^,s  are  sunmed  over  all  values  which  give  rise  to  no  factorials 
of  negative  integers  in  the  summand.  The  index  s has  integer  values. 

The  index  m^  has  integer  values  if  is  an  integer  and  half-odd  integer 
values  if  is  a half-odd  integer.  Put  m2=m-m^ , insert  the  Kronecker 
delta  6(m^+m2,m)  and  sum  over  both  m.j  and  m2-  Note  that  m2  has  integer 


65 


values  if  ^2  is  an  integer  and  half-odd  integer  values  if  ^2  is  a 
half-odd  integer.  We  get 


" S'lJpjm  ^ <S(m^+ni2,!n)  I(-l  )^[s ! (jyj2-j-s) ! 


(jym^-s) ! (j2+ni2-s) ! (j-j2+m^+s) ! ( j-jym^+s) ! 
[5(l---2jyg®(Jl^"^l)  a gl^Jr'"!)]  o [Sd*. .2J2) 


(jVm^-s)!(j2+ni2-s)!(j-j2+ni^+s)!(j-j^-m2+s)!]'''  ® $(j2.ni2) 


where 


1 

2 


(2j2)l(j2+m2)l {02-^2) 

i _ 1 

= [(2j+l)(j^+j2-j)!(jyj2+j)!(j2-jyj)!]  ^[(jyj2+j+i )]  ^ 

1 

[( j+m) ! ( j-m) ! (j^+m^ ) ! (jym^ ) ! (j2+ni2) ! ( j2-ni2) !]  ^ 

From  the  definition  of  the  Clebsch-Gordan  coefficients,  we  arrive 


Sy2^"’l’"’2’J'*"’^  " <S(m^+m2,m)Nj^j^(m^,m2;j,m)  I (-1)^ 

[s ! (jyj2-j-s) ! (jym^-s) ! (j2+m2-s) ! ( j-j2+m^+s) ! ( j-jym2+s) !]''' 


CHAPTER  2 


MAP  OF  EVEN  SPIN-TENSORS  INTO  TENSORS 
AND  FUNCTIONS  ON  EUCLIDEAN  3-SPACE 

The  Tensor  Space  (U2  © ^2) 

A tensor  T of  order  2£in  (U2  ® U^)  is  defined  as  a multilinear 
functional  whose  value 

(T  I ’^2’-^2’”‘’\’-^£^ 

is  linear  in  its  arguments  in  U^  and  »y2»  ’ ' * in  ^2' 

A tensor  S'  of  order  2l  in  (U^  ® U^)®^  is  defined  as  a multilinear 
functional  whose  value 

(S'  1 w^»yi>W2.y2.-**,w^J^) 

is  linear  in  its  arguments  w^,W2,---,w^  in  U2  and  y^  .y2>  ‘ in  U2  • 
Addition  of  tensors  and  multiplication  by  complex  numbers  are  defined 
similarly  as  in  other  tensor  spaces. 

For  T in  (U^  © U^)®^  and  S'  in  (U^  ® U^)  ®^,  their  conjugates  T in  ' 
{U2  ® U2)®^  and  S'  in  (U2  0 U2)  are  defined  as 

(T  I , • • • ,w^,y^)  = (T  1 w^ ,y^ , • • • ,w^.y^) 

(S'l  w^,y^,---,w^,y^)  = (S'l  ,y^ , • • • ,w^,y^) 

From  now  on  we  shall  express  elements  in  (U2  0 U2)®^  as  the  conjugate 
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g)  £ 

of  elements  in  (U^  & U2)  , i.e.  instead  of  S'  we  write  S with  S 

in  (U^  0 U2)®^. 

Given  u^,U2.**‘,u^  in  U2  and  ‘ i ^2  tensor 

product 


k=l 


<Vk>  " “I'lVa  Vk 


is  an  element  of  (U2  ® defined  as 


< ®,  “k\l 


for  all  w^,W2»'”»w^  in  U2  and  y-j  ,y2 . • • • in  U2,  and  the  tensor  product 


a _ _ _ _ 

is  an  element  of  (U^  ® U^)  ®*^  defined  as 

<J,  Vk  l“i’^i’"2’^2’-"'“f^t>  ” 'Y'-kXV^k' 


for  all  Wi,W2.“’,w^  in  U2  and  yi*y2^‘  “ i ^2'  conjugation 
operation  has  properties  as  previously  listed  when  operating  on  other 
tensor  spaces  discussed  and  will  not  be  repeated  here.  However  we  list 
the  following: 


If 


T = ® (u,  V,  ) 


k=l 


k k^ 


then 


T = 


k=l 


<Vk> 


and 


T = T 
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The  tensor  products  S 0 T and  S ® T for  S in  (U^  0 U2)  and 
T in  (U^  ® U^)  are  defined  similarly  to  previous  definitions,  and 
have  similar  properties. 

For  S in  (U2  ® U2)  and  T in  (U^  ® U2)  their  dot  product 

S O T = T O S is  defined  in  the  special  case  where 

_ £ _ £ _ 

S = ® (u.  V ) and  T = 0 (s.  tj  as 

k=l  k=l 

(UiViU^v^- ••u^V£)  O (s-|tiS2t2”*Sj^\) 

= (u^°s^ ) (v^  ot^ ) (U20S2)  (V2° T2)  • • • ( V^£^  ^ V^£^ 

and  uniquely  extended  to  all  S and  T by  the  assumption  of  linearity 
in  s’  and  T.  The  inner  product  <S|T>  for  S,T  in  (U2  0 U’2)  is  defined 
as 

<S  I T>  = S O T 

The  dot  product  and  the  inner  product  have  properties  as  previously  listed 
for  other  tensors,  and  in  particular  we  repeat  the  property 

(S  0 Q)  O (T  0 R)  = (SO  T)  (Q  O R) 

for  S,T  in  (U2  0 U2)  and  Q,R  in  (U2  ® U2)  . 

Permutations  act  on  the  spaces  (U2  and  (il2  ® U2)  ®^in 

the  same  way  as  in  cases  previously  described.  For  peS2j2^>  if  pk  is  odd 
for  all  odd  k and  pk  is  even  for  all  even  k,  then  the  action  of  p on  tensors 
in  these  two  spaces  will  give  tensors  in  the  same  spaces.  For  peS2£» 

if  pk  is  even  for  all  odd  k and  pk  is  odd  for  all  even  k,  then  the 

action  of  p on  tensors  in  (U^  will  give  tensors  in  (U^  0 112)®^ 

and  vice  versa. 


69 


The  Spaces  E3=(U2  ® *^2^tr 

The  unit  tensor  I2  in  U2  ® U2  is  defined  as 

(^2  ~ ^1°^2 

for  all  s^jS^  in  U^-  Its  conjugate  satisfies 

(I2  I S']  >S2)  ~ ^1°^2 

and  therefore  is  the  unit  tensor  in  U2  ® U2  . 

The  trace  tr(X)  of  a tensor  X in  U2  ® U2  is  defined  as 

tr(X)  = X 0T2 

If  tr(X)=0,  the  tensor  X is  called  traceless.  The  transpose  X of  a 
tensor  X in  0 U2  is  a tensor  in  0 defined  as 

I s-j  »S2)  ~ (X  I S2>S-|) 

for  all  s-|,S2  in  U2-  Similarly  for  T in  U2  0 U2  its  transpose  is 
defined  as 

(Y  I = (Y  I s^.Iy) 

for  all  s-|,S2  in  U2.  For  X in  U2  0 U2  its  Hermitian  adjoint  X^  is 
defined  as 


If  X in  U2  ® U2  satisfies 


it  is  called  Hermitian.  If  X is  Hermitian,  it  follows  that 

'\j  — 

X = X 
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Define  the  dot  product  X • Y for  X,Y  in  U2  0 U2  as 
X • Y = XOY  = XO^ 

The  space  (U2  0^  ^2^tr  Hermitian,  traceless 

tensors  in  U2  © U2  • With  the  above  dot  product,  this  space  is 
isomorphic  to  the  3-dimensional  Euclidean  space  E^.  We  shall  regard 
them  as  identical  and  write  £3^(02  0^  ^2^tr  spin- tensor 

notation  X and  vector  notation  x for  elements  in  this  space. 

The  complexification  CE^  of  E^  is  the  set  of  complex  linear 
combinations  of  elements  of  E^-  We  shall  write  CE^ = (U2  0 U2)^^»  the 
subset  of  all  traceless  tensors  in  U2  O IJ2’  isomorphism  of 

these  two  spaces.  In  CE^  we  have  the  dot  product 

X-YeXQYeXOY 
and  also  the  inner  product 

<X|Y>  = X O Y = X"^  * Y 
Note  that  in  E^ 

X • Y = <X|Y> 

We  shall  need  the  following  set 
*1  ' <9l  92  " 92?i  ) 

"2  = ^ <929i  - 9,92> 

®3  ' <9l9l  - 9292> 

which  is  a basis  for  E^,  and  therefore  is  also  a basis  for  CE^. 
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The  Tensor  Spaces  CE  ^ ^ ® 

The  space  CE®^  is  a subspace  over  C of  (U^  0 spanned  by 

complex  linear  combinations  of  tensors  of  the  form 

0 with  y^.e  CE^  =(U2  0 • The  space  E ^ ''s  a subspace  over 

R of  (U2  0 112)®^  spanned  by  real  linear  combinations  of  tensors  of  the 


form  ® y^.  with  y^-eE^  = (U2  ®n*^2^tr  ’ operations  which  we  shall 

define  for  CE  ^ will  also  apply  to  E ^ since  E ^ is  a subspace  over  R 
of  CE  3^. 

® z 

Tensors  TeCE  3 can  be  regarded  as  £-1  inear  functionals  on  CE3 
according  to  the  following  definition  of  the  action  of  T on  ,X2 , • • • ,x 
in  CE3  by 


(T  I x^  ,X2.‘  • • ,Xj^)  = T © (x^  0 X2 


It  follows  that  for  y^-eCE3  we  have 


( ® y • I X, ,x  , • • • ,x^)  = n (y . • X . ) 

i=l  ^ ‘ ^ ^ i=i  1 1 

The  unit  tensor  I2  in  E3  ® E^  and  (CE3)  ® (CE3)  is  defined  as 


for  all  x^ ,X2  in  CE3  . 

0 £ 

For  T in  CE  3 , the  contraction  C(i,j)T  of  T where  i,j  = 1,2, •••,£, 

with  i<j,  is  a tensor  in  CE®^^“^^  defined  in  a special  case  as 
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^ ^ ^ 1-1  ^ j-1  ^ ^ ^ 

c(i,j)(  ©yJ  = (y,--y,-)(  0 yJ  ® ( 0 yJ  ® ( ® yJ 
k=l  ^ ^ k=l  k=i+l  k=j+i 

0 z 

and  extended  linearly  to  all  T in  the  space.  A tensor  T in  CE^ 
is  said  to  be  traceless  if  C(i,j)T  = 0 for  every  contraction. 

For  S and  T in  CE®^,  S Oj  is  a scalar  defined  in  a special 
case  as 

( ® y.)  O ( 0 z.)  = n (y.-z.) 
i=l  ^ i=l  ^ i=i  ^ ^ 

for  y^  in  CE^  and  extended  linearly  to  all  S and  T in  the  space. 

For  any  permutation  p in  S^,  we  define  its  operation  on  any  T in 
CEf  as 

(pT  I x^,X2,---,x^)  = (T  I Xp^*Xp2,---,Xp^) 

for  all  x^,X2»---,x^  in  CE^-  A tensor  TeCE®^  is  synmetric  iff 
pT  = T 

for  all  p in  S^.  The  space  (CE®^)^  is  a subspace  over  C of  CE®^ 
consisting  of  all  symmetric  tensors  in  CE®^.  The  space  (E®^)^  is 
a subspace  of  E ^ consisting  of  all  symmetric  tensors  in  E ^ . The 

projection  operator  onto  these  subspaces  of  symmetric  tensors  is  -^S(l ••'£). 

The  space  (CE®^)^  is  a subspace  over  C of  CE®^  consisting  of 
all  the  symmetric,  traceless  tensors  in  CE^  • The  space  (E^  is 

a subspace  over  R of  E®^  consisting  of  all  the  symmetric,  traceless 
tensors  in  E ® 
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Linear  Transformations  on  U2  0 U2 

For  any  linear  transformation  M on  the  linear  transformations 
r(M),  r^(M),  r^CM)  on  U2  are  defined  as 

(r(M)X  I s^.s^)  = (X  iMs^Js^) 

(r^(M)X  \ TyS^)  = (X  |Mi’^,S2) 

(r2(M)x  11^,82)  = (X  |7^,Ms2) 

for  all  s-|,S2  in  U2-  It  follows  that 

r(M)(u^72)  = (Mu^)(m72) 
r^(M)(u^TT2)  = (Mu-|)u‘2 

r2(M)(u^U2)  = u^(M  u^) 

for  arbitrary  u-j»U2  in  U2-  Also 
r(M)  = r^(M)r2(M) 
r(E)  = r^(E)  = r2(E) 

We  also  define  the  linear  transformation  D(M)  on  U2  0 U2  as 
D(M)  = r^(M)  + r2(-M‘^) 

It  follows  that 

D(M)(u^U2)  = (Mu^)u2  U2) 

Furthermore  if  M(e)  is  a one-parameter  family  of  SU(2)  transformations 
on  U2  with  M(0)=E,  and 


A = ^me) 


e=0 
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it  follows  that 


d 


[r(M(s))] 


£=0 


D(A) 


Note  also  the  property 


D(oA+BB)  = aD(A)  + 30(B) 


where  a, 3 e C. 

Finally,  we  define 

A(AB)  = D(A)D(B) 

for  A and  B in  su(2). 

For  the  operators  ® su(2),  it  can 

be  shown  that 


i.e.  they  are  Hermitian.  It  is  easily  shown  that 


_ 
J g, 
x^l 

= 2 92  ’ 

'V  _ 

\h ' 

'\j  _ 

J g. 
y 1 

i - 

" 2 ^2  ’ 

‘<"f 

II 

2 ^1 

<\j  _ 

0,8, 

1 - 
2 

a. 

0,82  = 

1 

■ 2 

For  the  basis  e^ , e^  of  = (U^  ^2^tr’  derive 

the  following 

D(.iJ^)e^  = D(-iJ^)e2  = ^ 

D(-iJ^)l2  = I3 

D(-iJ^)S,  = -I3 
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0(-fJy)?3  = h 
D(-iJ^)e^  = 

D(-iJ^)e^  = -e^ 
and 

A(J^)e^  = 2e^ 

A(J^)62  = 2e^ 

A(J^)e^  = 263  . 

Comparing  this  with  the  vector  product  of  two  vectors  in  E-,  we  can 

O 

write 

D(-iJ^)f  = e^  X f 
D(-iJ^)r  = 62  X r 
D(-iJ^)r  = 63  X r 

for  arbitrary  r in  E3. 

If  we  define 

e+  = — (e^  + ie2) 

/2  ' ^ 

e_  = — (e,  - le^) 

/2  ' ^ 

we  see  that  e^,  e_,  63  are  a set  of  simultaneous  eigenvectors  of  D(J  ) 

2 ^ 
and  A(J  ) satisfying 

D(J^e,  = 

D{J^)63  = 5 

D(J^)e_  = 4 

A(J^)e^  = 2e^ 
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A(J^)?3  = 2?3 

A(J^)e_  = 2e_ 

We  can  also  derive 
D(J^)e^  = 3 

D(J^)63  = -/2 
D(J^.)e_  = /2  63 
D(Jje^  = -/2  63 
D(J_)63  = /2  e_ 

D(J_)e_  = $ 

thus  D(J^)  and  D(J_)  step  up  and  step  down  the  eigenvalues  when  operating 
on  eigentensors. 

The  Map  ® A from  to  ® ^2 

Corresponding  to  the  unit  tensor  I2  in  U2  ® U2  is  the  unit  map  I2; 

^2  ^ ^2  the  same  symbol  as  the  tensor)  defined  to  satisfy 

the  equation 

u ° (I2V)  = (I2I  u.v) 

for  all  u,v  in  U2.  Corresponding  to  the  unit  tensor  is  the  unit  map 
^2*  ^2  ^ ^2  to  satisfy  the  equation 

u o (i^v)  = (I2I  u,7) 

for  all  u.v  in  U2*  It  follows  that 

I2U  = u 

12^  = 7 

for  all  u.v  in  U2. 
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Corresponding  to  the  antisymmetric  tensor  A in  0 is  the 
map  A;  ^ defined  to  satisfy  the  equation 

u’  ° (Av)  = (a|u,v) 

for  all  u,v  in  1)2*  Corresponding  to  the  tensor  A in  0 U2  is  the  map 
A;  ^ ^2  defined  to  satisfy  the  equation 

u ° (Av)  = (a  I u,v) 

for  all  u,v  in  U2-  It  follows  that 

■^O-]  ~ ”^2*  '^^2  ~ ^1 

^^1  " ‘^2’  ^^2  " ^1 

and  that 

Au  = Au 
A = - A 
A = - A 

for  these  maps.  The  following  properties  can  be  proved: 

AA  = -I2 
AA  = -I« 

c ^ 

The  tensor  product  map  I2  0 A;  U2  0 U2  U2  0 ^2  is  defined  on  uv 
by 

(I2  0 A)(uv)  = (l2u)(A  v)  = u(A  v) 

and  extended  linearly  to  operate  on  all  tensors  in  U2  0 U2*  The  map 
I2  0 A;  U2  0 U2  -»■  U2  0 U2  is  defined  on  u7  by 
(l2©A)(uv)  = (l2u)(A\r)  = u(Av) 
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and  extended  linearly  to  operate  on  all  tensors  in  ® U2.  It  follows 
that 

(I^  ® A)(-l2  ® A)  = I2  ® T2 
(-I2  ® A)(l2  a A)  = I2  a I2 

where  I2  ® I2  is  the  unit  map  on  U2  ® U2  and  I2  a I2  is  the  unit  map 
on  U2  a U^.  Similarly  the  maps  A ® I2;  ® II2  ® A 0 I2; 

U2  0 U2  ■>  U2  0 U2.  and  (a  a A);  U2  a U2  ->■  U2  0 U2  can  be  defined. 

The  following  theorem  can  be  proved. 

Theorem  1 : For  S,  T in  U2  ® U2 

<S|T>  = <(l2  a A)S  I (I2  a A)T> 

i.e.,  the  map  I2  ® A;  U2  a U2  U2  a U2  preserves  inner  products. 
Likewise  the  map  I2  a A;  U2  ® U2  ->■  U2  a U2  preserves  inner  products. 

Theorem  2:  When  operating  on  a U2  we  have 

D(Jx)(l2  0 A)  = (I2  0A)D(J^) 

D(Jy)(l2®  A)  = (l2®  A)D(Jy) 

D(jp(l2  ® A)  = (I2  a A)D(J^) 

hence 

D(A)  (I2  0 A)  = (I2  a A)D(A) 

for  arbitrary  A in  su(2). 

Proof:  We  have  shown  that 

D(A)A  = 0 

for  A in  su(2).  Therefore  for  arbitrary  u,v  in  U2  we  have 


79 


0 = (D(A)A  I u,v) 

= (A  I ^ ”11,7)  + (A|ir,^  7) 

= (A  7)  o (Av)  + u o (A^  7) 

= u o (AAv)  + u o (AA  v) 

therefore 

AA  = -AA 

Then 

D(A)(l2  0 A)(u7) 

= D(A)[u(a7)] 

= (Au)(Av)  + u(AAv) 

= (Au)(Av)  + u(-AA  v) 

= (I2  ® A)[(Au)v  - u{^  v)] 

= (I2  ® A)D(A)(uv) 

Therefore 

D(A)(l2  ® A)  = (I2  ® A)D(A) 

Then  multiplying  both  sides  on  the  left  and  right  by  -I2  ® A gives 

(I2  ® A)D(A)  = D(A)(l2  fl  A)  Q.E.D. 

Theorem  3:  Under  the  map  I2  ® A;  U2  ® U2  ^ U2  ® II2,  the  subspace 

(U2  ® U2)g  is  mapped  one-to-one  onto  the  subspace  (U2  ® ^2^tr  ^ 

p 

For  the  simultaneous  eigenstates  of  D(J^)  and  A(J  ) in  U2  ® U2 
^(1.1)  = 

^(Irl)  = g292 

^(1 .0)  = (9^92+929]) 
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the  map  I2  0 A gives  the  simultaneous  eigenstates  of  D(J^)  and 
a(J^)  in  U2  ® IJ2: 

(I2  ® A)  $(1,1)  = -e^ 

(I2  ® A)  $(1,-1)  = e_ 

(I2  ® A)  $(1 ,0)  = 63 

It  can  also  be  shown  that  for  w in  or  CE^ 

% 

w = -(a  ® A)w 

Consequently  for  v and  w in  E^  or  CE^  we  have 

V • w = -V  O [(A  a A)w]  = -[(A  a A)v]  0 w 
= [(A  a l2)v]  © [I2  a A)w] 

= [(I2  ® A)v]  0 [(a  a l2)w] 

The  Map  (I2  a A)®^  and  Linear  Transformations  on  (U2  ® ^2) 

We  can  generalize  to  the  one-to-one  onto  map  (I2  ® A)®^; 

U 2 "^*^2  ® with  (I2  a A)  being  defined  straightforwardly 

by 

a z 

(l2®A)®*'(®  u V ) = a (I,U,.)(A  vj 

i=l  ' ' 1=1  ' ’ 

z 

for  arbitrary  tensors  of  the  form  ® u . v . in  U and  extended 

i=l  ^ ^ ^ 

linearly  to  all  of  U • 

Also,  for  T in  (U2  ® U2)®^,  define  the  linear  transformations  F(M), 
Fo(*^)»  ^2k-l^^^’  respectively  as  follows 
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(r(M)T  I ’^"1 ’^2*^2’ * * * 

= (T  I M s-j  ,R  $2^  t2.' ••,?’(  S£,M  tjj,) 

(TqCM)!  I s-j,t^,S2»t2»’’* 

= (T  ?^,y 

(r^(M)T  I 

= (T  |?^,R  t^,'s2,M  t2.--',I^,M  t^) 

(r2k_-|(M)T  I s^,t^,S2,t2,---,Sk_i,tk_i,Sk,tk’Sk+i>tk+i.“',s^,t^) 

= (T  I s^.t^.S2,t2,*--,Sk_-,,tk_i,I^  Sk.tk,Sk+^,t|^^^.---^s^,t^) 

(r2k(M)T  I Si.t^.S2.t2,--*,Sk_i,t|^_^,Sk,t|^,Sk^^,t|^^^,.--,s^,t^) 

(T  I ,t^  ,S2,t2,- ••  .Sk-r^k.]  *Sk,R  \’Sk^.^,tk+^,-**,s^)t^) 
for  arbitrary  s^.  ,t^  ; i = 1,2, •••,5,  in  U^.  It  follows  that 
r(M)  = rQ(M)r^(M) 

r(E)  = r^lE)  = r^(E)  = r2k_i(E)  = T2k(E) 

= k^l 
a 

Tp(M)  = n Fp.  (M) 

k=l 

£ £ 

r(M)(  ® u.v.)  = ® [(Mu.) (Mv,)] 
i=l  ^ ^ i=l  ^ ^ 

a _ Si  _ 

r„(M)(®  u.v.)  = ® [(Mu.)v.] 
k=l  ^ ^ i=l  ^ ^ 

a z 

Tp(M)(  ® U.V.)  = ® [u.(Mv7)] 

E i=l  1 1 i=l  1 T 


and 
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£ _ k-1  _ _ Jl  _ 

r2i^_-|(M)  ( » u.v^)  = [ ® (u.v.)]  ® (MU|^)  ® V|^  ® [ <9  (u^.v^.)] 

k=1  i=l  i=k+l 

£ _ k- 1 _ £ _ 

rp.(M)(  ® u.v.)  = [ 0 (u.v.)]  ® u.  0 (Mv.)  ® [ ® (u.v.)] 

.^.J  11  i = l 1 1 K K 1 1 


Define  the  linear  transformation  D(M)  on  T in  (U2  i9  1)2)^^  by 


D(M)T  = I Tj,  ,(M)T  + I r„|^(-M^)T 
k=l  ' k=l 


thus 


£ _ £ k-1  _ 

D(M)(  0 u^.v^.)  = I {[  ® (u^.v^.)]  ® (MU|^)  ® V|^  ® 


i=l 


k=l  i=l 
£ k-1 


X/  X/  I f\j X/  ^ 

[ a (u^.V.)]}  + I {[  0 (u^.v^.)]  0 U|^  ® (-MV|^)  0 [ ® (u.v^.)]} 


i=k+l 


k=l  i=l 


i=k+l 


Finally,  we  can  define 

A(AB)T  = D(A)[D(B)T] 
for  T in  (U2  0 U2)  and  A,B  in  su(2). 
Theorem  1 : 

D(M)(l2  0 A)®^  = (I2  a A)®^D(M) 
for  M = and  . 

Proof: 

D(M){(I^  aA)®“[  ® (u.v,)]} 
i=l  ' ’ 

£ _ 

= D(M){  ® [(Ip  ® A)(u.v.)]} 
i=l  ^ ^ ^ 

£ 

= ® {D(M)[(I  0 A)(u.v  )]} 

i=l  ^ ^ ^ 

£ _ _ 

= a {(Ip  0 A)[D(M)(u.v.)]} 
i=l  ^ ^ ^ 
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J2, 

= (Ij,  ® A)®^  0 [D(M)(u.7,)] 

1=1  ^ ^ 

— 0 £ ^ 

= (I.  ® A)®^D(M)[  0 (u.V.)]} 

i=l  1 1 

£ _ 

for  arbitrary  (u.v.)  in  (U^  ® U2)  This  result  can  be  extended 

linearly  to  all  tensors  in  (U2  0 U2)®^.  q 

Corollary  1: 

A(j2)(l2  0 A)®^  = {I2  0 A) 

Now,  for  the  even  values  £=0,1,2,-..  ; m=-£,-£+l , - - - ,0, • • • ,£  . 
We  find  that  (I2  o A)  ®^$(£,m)  are  the  eigenfunctions  of  D(J^)  with 
eigenvalues  m,  and  the  eigenfunction  of  A(J^)  with  eigenvalues  j(j+l) 
since  by  the  above  Theorem  1 and  Corollary  1: 

D(J^)[(l2  0 A)®^$(£,m)]  = (I2  0 A)®^[D(J^)$(£,m)] 

= m[(l2  0 A)  ®^$(£,m)] 

A(J^)[(l2  a A)  ®%(£,m)]  = (I2  ® A)  ® ^[A(J^)$(£,m)] 

= j(j+l)[(l2  a A)®^<l>(£,m)] 

2:  The  map  (I2  0 A)®^;  U®^^^(U2  002)®^  preserves  inner 

products,  i.e.,  for  S,T  in 

<S|T>  = <(l2  a A)®^  S I (I2  ® A)®^  T> 

3:  Under  the  map  (I2  0 I)®S  uf  ^Mu2  0 U2)®^  the  subspace 

*‘2£  ■ is  mapped  one-to-one  onto  the  subspace  (CE®^)^  ^ . 
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Corol 


iajxJ.:  (I2  ® A)  ® \(£,m)  where  £=0,1,2,-*-;  andm=-5,,-£+l,-- 

, is  a basis  for  (CE?^)  . . 

3 's,tr 

Corollary  2:  The  subspace  (CE®^)  has  dimension  2£+l. 

w S ) u P 

An  Orthogonal  Basis  of  (CE®^) 

We  shall  give  another  procedure  for  constructing  a basis  for 
(CE®^)s^tr  3re  simultaneous  eigentensors  of  D(J^)  and  A(J^). 

For  m=-£,-£+l , • • • ,0, • • • ,£,  define 

. ^®i(£+m)  _^©i(£-m) 


if  £+m  is  even.  And 


L „ = TT^d 
m,o  £! 


a -^(£+m)  ^®^(£-m) 


^3^ 


if  £+m  is  odd. 


Theorem  1 : If  i+j+k=£  ; i,j,k  nonnegative  integers  then 

nM  \ ® "I  j ^®k.  a i ->ai  ->-ak  . 

ae_  ae2  ) = (i-j)(e^  ae_ae2  ) 


In  particular 


""Vo 


The  procedure  is  to  add  to  T_  r-  and  T^  ^ a linear  combination  of 

eigentensors  of  D(J  ) with  eigenvalue  m in  (CE®^)  and  then  find  the 

z 3 s 

coefficients  that  will  make  it  traceless. 
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Write 
X _ 1 


T 


m,E  a\ 


cn  ®^(£+m-2)  ^®^()l-m-2) 

i(l  • • -i!,)j[e  ^ a e_  ]_a^[e^^  ae_^ 


^a2n  8 2(^+m-4)  .,^-(^1-^-4)  ->®4 

®3  ^ - “2^®+  a e®2^  e , ] - 


|l(«-m-2i)  ^^2, 


-i.[i 


p -^(^+111-21) 


863  ] - 


/a^ 


2(Jl-m) 


“1 

■^i  5'+m) 


[J®'-")  8 ;?<*«)]  ,-f  m<0- 


i 1 , |^®i(H+m-l)  al(«-m-l)  ^ 

®e.2  8I3] 

oi(i+m-3)  ^ol(Jl-m-3)  ^ »l(t+m-5) 

-3^[e^  ®e_^  0 ®e/ 


»^«l+r,-1-21)  ^8l(ll-m-l-2i)  ^0(1^2,) 
+ ® e 0 e o ' ^ 


■^8  5-,  „ 

®3  ^ 8,-[e^ 

re,  [?®™8e®('-'")]  Ifm^O 

^(t-m-1)  * ^ 

6 [S®!-®)  aSfOl*)]  if  „<  0, 


']- 


(£+m-l ) 


2:  If  C(l,2)  = 0 and  C(l,2)  = 0,  then 


a.  = (-1) 


i-1 


[(^)!(^)!]2^’ 


for  i = l,2,---,  min  {^(il-m),  l(Jl+m)}  . And, 
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3,.  = (-1) 


1-1 


(2i+l ) ! [ (-^”1“-^  ) i (Ml-l  -2i ) j 2 


for  1 = 1,2,- min  {— ^~^  , — . 

Before  proving  the  main  theorem,  let  us  prove  the  following 
1 emmas : 

Lemma  1 : 

C(1,2)S(1-'-£)[?^2  ^^^2^ 

1 ®i(£+m-2)  _.®i(£-m-2) 

= 2(£+m)(£-m)S(l---j!,-2)[e^'^  ®e_^  ] 

Proof:  By  using  the  identity 

S(l---£)[a^  a a •••  ® a^] 

= a^  a [S(l- ••£-!) (32  a a^  a ---aa^)]  + 82®  [S(l- ••£-!) 
(a^  a a^  0 •••  ® a^)]  + ® [5(1 • --£-1) (a^ 


a2  0- 


we  obtain 

.®i(£+m)  ^ai(£-m) 

S(l---£)[e/  ®e.^  ] 

1,  ^ai(£+m-2)  .®i(£-m)  , 

= 2(£-hji)  e^  a [5(1  •••£-!) (e^^  ®e_  )]  + ^(£-m)  a 

^al(£+m)  ^ e4(£-m-2) 

[S(l...£-l)(e^  2 

1 /„  x->  rl,  ^ , ^ai(£+m-4)  a-5-(£-m) 

= 2 (£+m)e^  0 {^(£+m-2)e^  0 [S(l---£-2)(e^2  ®e  ^ )] 


1,  ^ai(£+m-2)  ^al(£-m-2) 

+ ■2(£-m)e_  0 [5(1  • • -£-2)  (e  ^ ®e  ^ 


Vi)J 


)]} 
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1 , 1,  ^ , 0i(£+m-2)  ®i(£-m-2) 

+ 2 (^-m)e_  0 {-^(£+01)6^  0 [5(1-*-£-2)(e^^  0e  ^ 

1 0j(£+m)  0y(£-m-4) 

+ -^  (5,-in)e_  0 [s(l-*-£-2)(e^'^  €>  t )]} 


thus 


0i(£+m)  0^(£-m) 

C(l,2)s(l---£)[e/  0?_2  ] 

= ■^(;’+m)(£-m)s(l-”£-2)(e^^  0e  ^ ; 


)] 


Q.E.D. 


Lemma  2: 


0l(£+m-2T)  ^®l(£-m-2i)  ^^2i 


0e  — ■] 


C(l,2)s(l-*-£)[e^ 

1,  , ®i(£+m-2i-2)  0^(£-m-2i-2) 

= •^(£+m-2i)5(l---£-2)[e/  ^ 


0 e 


0-^(£+m-2i)  ^0i(£-m-2i) 

^ 0 e 


®2i 
3 


0 e^"'] 


+2i(2i-l)S(l*-*£-2)[e^ 

for  i=l,2,---,  min  (£-m),  l(£+m)}  . 
Proof:  We  omit  the  proof. 


0l?(2i-2)^ 


Q.E.D. 


C(1 


Proof  of  the  main  theorem:  We  require  traceless  tensors,  hence 

on^£  1 1,  ^ ^ ^0^(£+m-2)  fil  (£-m-2) 

^^K,£  f£-m)S(l---£-2)  [e^2  ^ J 

ri,  ^0i(£+m-4)  0^(£-m-4) 

-a.|[^(£+m-2)(£-m-2)S(l-..£-2)(l^‘^  ®e  ^ 0e®^) 

3 

0|(£+m-2)  ^0^(£-m-2) 


+ 2S(l---£-2)(e^ 


)]-a2[Y(£+ni-4)(£-m-4)S(l  • ••£-2) 
..1 


®l(£+m-6)  _^»i(£-m-6)  ^ ^0-^(£+m-4) 

(e^  ®e_  o ) + 4’3S(1*--£-2)(e^^ 


1 


_^w-2(£-m-4)  _^^2  -I 

®e_  ae3  )]-•••  -a^.[2(£+m-2i)  (£-m-2i)S(l  • • -£-2) 
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^(£+m-2i-2)  ^0i(£-m-2i-2)  ^^^21 


0 e 


e3^')  + 2i(2i-l)S(l---  -2) 


)]-•••=  0 


This  implies 

Y(^'+m)  (£-m)-2a^  = 0 
- -^^(£+m-2)(£-m-2)-2-2(2-2-l)a2 

• * • 


0 

0 


- a^._^(£+m-2i+2)(£-m-2i+2)-2i(2i-l)a^.  = 0 


The  expression  for  follows.  The  procedure  for  3|.  is  obtained  simi- 


larly. 


Q.E.D. 


Theorem  3:  For  m=-£,-£+l , * • * ,0, • • • ,£  ; let 


tJ;  e (I2  0 A)®S(£,m) 

Q £1?, 

Then  T„  are  scalar  multiples  of  T ^ for  £+m  even  and  of  T for 
m ^ m,E  m,o 


£+m  odd. 


The  Projection  Operator  P^  from  CE®^  to  (CE®^)^ 


0 2£ 


(-I2  ® A)  ® - 


CE 


0£ 


S(l---2£) 


■2£ 


do  0 A)®^ 
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From  the  above  diagram,  consider  the  map 

(Ij  ® e A)®“ 

from  CE  2 tr  ^ projection  operator.  We  now  give  a 

derivation  of  a projection  operator  by  a different  method.  We 
believe  these  two  projection  operators  are  identical  but  have  not  proved 
it. 

Define  the  map  by 

^ + Y^I  + •••  + Y^-I  + ••• 

where  = C(1 ,2)C(3,4) • • *C(2i-l ,2i ) and  k=  ^ if  I is  even,  and 
0_1 

k = — 2“  if  ^ is  odd.  And  y.,- i i=l,2,’*-,k  are  constants. 

Q Z 

In  order  to  figure  out  the  constants  and  y.,- » consider  T in  CE  ^ 
letting 

M = S{l---Jl)T 

implies  that  M is  a symmetric  tensor  in  CE^  • Hence 

PJ  = Nj^S(l..-£)[l+yil2C+Y2l  2^C^+  •••  +Yilf'c'  + ••• 

2 •••£)! 

= Nj^{S(l---£)M+y^S(l..-£)l2  ® (CM)+y25n---Ji)I  2^  ® (C^)  + • 

+ Y^.5(1  •••£)!  ® (C^M)  + •••  +y|^5(l---£)I®'^  <9  (c'^M)} 

Consider  the  contraction  C[S(1 •••£)! o (C^M)]  . The  number  of  ways 
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that  one  of  the  tensors  1 2 can  be  selected  and  placed  in  the  first  two 
positions  is  2i . Since  Cl2=3,  each  way  gives  a term  35(1 • • *£-2)I ® 

® (C^M).  The  number  of  ways  that  a file  from  two  different  tensors  I2 
can  be  selected  and  placed  in  the  first  two  positions  is  4i(i-l).  A 
single  contraction  involving  one  file  of  causes  the  to  disappear 
as  in  the  example:  C(l,2)al2  = a . It  follows  that  each  way  gives 

a term  5(1 • • *£-2)I ® ^ ® (C^M).  The  number  of  ways  that  a file 
from  one  of  the  tensors  I2  and  a file  from  C^M  can  be  selected  and 
placed  in  the  first  two  positions  is  4i(£-2i).  It  follows  that  each 
way  gives  a term  5(1  ••  *5,-2)I  ® ® (C^M).  Adding  all  the  above 

contributions  gives  2i(2£+l-2i  )5(1  • • ‘£-2)1  ® ® (C^*M).  The  number 

of  ways  that  two  files  from  C^M  can  be  selected  and  placed  in  the  first 
two  positions  is  (£-2i ) (£-2i-l ) . This  results  in  (£-2i ) (£-2i-l ) 
5(l---£-2)I  0 (C^'^^M).  Thus  we  have 

C[S(1---£)I®^  0 (C^M)]  = 2i(2£+l-2i)S(l-*-£-2)l|^^'^^0  (C^M) 

+ (£-2i)(£-2i-l)5(l'*-£-2)I  2^  ® (c''‘^^M) 

then 

C(PJ)  = N^{£(£-1)S(1--'£-2)(CM)+y^[2-1-(2£+1-2*1)5(1---£-2) 
(CM)+(£-2-l)(£-2-l-l)5(l-.-£-2)I  (C^)] 

+Y2[2-2*(2£+l-2*2)S(l--*£-2)l2  ® (C^M)  + (£-2* 2) (£-2* 2-1  )5(1 • • *£-2) 
I 2^  ® (C^M)]  + •••  +Y.[2i(2£+l-2i)5(l--'£-2)I  2 ® (C^M) 

+ (£-2i)(£-2i-l)5(l*--£-2)I®^  0 (C^'^^M)  + ••• 
+Y|^[2k(2£+l-2k)5(l*--£-2)I  2 0 (c'^M)] 
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Setting  C(Pj^T)  = 0 gives 

(£-1)  + Yi[2(2£-1)]  = 0 

Y^[2(2£-1)]  + Y2[4(2£-3)]  = 0 


Y._-,[(£+2-2i)(£+l-2i)]  + Yi[2i(2£+l-2i)]  = 0 


therefore 


£(£-1 

2(2£-l 


Y 


2 


(£-2)(£-3) 

4(2£-3) 


^ _ (£+2-2i)(£+1-2i) 

^i  2i{2£+l-2i) 

for  i=l ,2,* • • ,k. 

To  find  we  consider 

W = N^5(l...£)(l+Yil2C+Y2lf^c2+  ...  + ... 

+Yklf'c'')S(1.-.£)P^T 
= N^(£!)S(1---£)P^T 

since  all  terms  drop  out  except  the  first  due  to  the  fact  that  CP  T=0.  Then 
" N^(£!)^S(1...£)  N^S(l-'-£)(l+Y^l2C+Y2lfV  + 

+ •••  +Y|^lf  ^c'^)S(l...£)T 

= Nj(i!)V 

The  requirement  that  Pj^P^^T  = P^T  implies 

From  the  above  derivation,  we  know  that  the  map  p.  sends  an  arbitrary 
tensor  T in  CE®^  into  P^T,  a symmetric  traceless  tensor  which  is  an 
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element  of  (CE®^)^ 
CE®"  onto 


Thus  P in  fact  is  a projection  operator  of 
We  state  the  following  theorem  which  we  have 


not  proved: 


Theorem  1 : 


Map  of  Tensor  Spaces  Onto  Function  Spaces 

We  have  previously  described  a map  (I2  0 A)®^  which  takes 

L„  e(U®^^)  one-to-one  onto  (CE?^)  . . The  orthonormal  basis  of 

2^,  ' 2 's  '3  s,tr 

2 

L-  consisting  of  simultaneous  eigentensors  $()i,m)  of  D(J  ) and  A(J  ) are 
mapped  onto  an  orthonormal  basis  of  (CE®^)  consisting  of  simultaneous 

S * t P 

eigentensors  7^  = (I„  ® A)®^$(£»m)  of  D(J  ) and  a(J^)-  We  now  describe 
S/  ^ z 

a map 


(CE®^) 


3 s.tr 


V^3> 


which  is  one-to-one  onto,  where  Pjj^CE^)  is  the  set  of  complex  polynomials 
on  E^  which  are  homogeneous  of  degree  z and  harmonic.  This  map  is  as 
fol  1 ows : 

=t0?®^P^(E3) 


Let 


t';{7)  = T*  0 

m'  ' m 


. 2 

Thus  under  this  map,  the  simultaneous  eigentensors  T^  of  D(J^)  and  a(J^) 

go  into  tj^(^)  which  are  simultaneous  eigenfunctions  of  the  differential 
2 2 

operators  L^,L  which  represent  and  J on  the  spaces  of  functions  on 
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and  are  given  as  follows 


Lx  = -ie-|  • r X V,  Ly  = -ie2  • r x V,  = -ie2  • r x V 


and 


+ L^ 
X y z 


We  believe  but  have  not  proved  that 

where  (0.4>)  are  the  spherical  harmonics  which  we  define  soon.  The 
reason  for  this  belief  is  that  are  simultaneous  eigenfunctions  of  L^, 
L . The  constant  may  be  off  by  factors  of  the  form  e for  X real . 

Now  for  f in  expressing  r in  terms  of  spherical  coordinates, 
we  have 

r = r(sin0  costj)  e^  + sine  sine})  62  + cose  e^) 


The  Legendre  polynomials  are  given  by  the  Rodrigues  formula  as 


^ 2^(£!)  dz^ 


^ ^ (z^-1)^  ;(£  =0,1,2, •••) 


and  the  associated  Legendre  functions  are 

m o ^ 

9™(z)  = (1-z2)7 


m p . 


/(t!) 


dz 


for  m=-£,-£+l , • • • ,0, • • • ,£-l ,£.  The  spherical  harmonics  are 

wm/„  \mr(2£+l ) (£-m)  !t  7T  niTi/  imej) 

' (-')  [ 4„(z^)l  J 2 Pj(cos0)e 
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Inner  Products  Under  the  Map  into  Function  Space 

Consider  a symmetric  tensor  S in  (CE?^)  . 

w s 

Theorem  1 : If  S O a®^=  0 for  arbitrary  a e then  S = 0. 

Proof:  Suppose  S 0 a =0  for  arbitrary  a e then 

so  ( z vJ®'  = 0 

k=l 

for  arbitrary  in  C and  Ci.C2,*’-,c^  in  E^.  Hence 


da^ 


■ 3a, 


-[soil  Vk)®^]  = 0 


k=l 


which  gives 


S O [S(l  • • *S,) (c^  ® ® • • • 0 Cj^)] 

= [5(1  • • *£)S]  O (c-|  • • • 0 c^) 

= (£!)  SO  (c^  ® C2  ®---®c^)  = 0 

, -y  ->■ 

Since  c-j.C2>---,c^  are  arbitrary,  it  follows  that  S=0. 

Corol  1 ary  1 : For  S,T  in  (CE®^)^,  S=T  if  and  only  if  SOa*^^ 

for  all  a e E^. 

Theorem  2: 


2tt 


•'o  ^0 


dsi  = 


( 2£+l ) 


r^^S (l--.2£)  I 


where  dJ^  = sin9  dc{)d0. 


Proof:  For  arbitrary  a e E^j  we  obtain 


(9£ 

2 


Q.E.D. 

to:®* 
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7T 


2tt 


0 

rTT  rZiT 


(7®2>bl®“)da 


= (ra) 

4tt 

2£+l 


2jl 


/•Tr 


r2TT  2 il 


COS  6 sine  d(})d0 


(ra) 


0 

2Z 


since  the  integral  is  a linear  operator.  We  let  1 be  the  z-axis  of  the 
coordinate  system.  Also 

“ T2w)T 


4tt  ^2Z  fj  @Z  ^q2Z 


2Z+1 


(I 


) 


r^^  fa  • 

2iL+l  ^ ^ 

47t  / ^2Z 

mTT  <’■") 


By  the  above  Corollary  1,  the  theorem  follows. 

Let  S be  in  (CE®^^)^,  and  define  s(e,(})) 
Theorem  3: 


Q.E.D. 


= r-2'sO?®2*: 


IT 


(•2fr 


J n . 


A'TT  Q 

sine  s(e,(}))d(J)de  = C (S) 


Proof: 


SO  [S(l---2il)I®^] 

= [S(l---2il)S]Olf  ^ 
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= (2£)!  SOI®^ 
= (2£)!C^(S) 


since 


(a^  0 32©  83®  1^0  ® d2^)  Olf^ 

= [{a^  0 32)Ol2][{a3®a^)Ol2]---[(a2£-l  ® ^2^ 

= C(a^  © ^(^2£-l  ® ^29} 

= C^(a^  © 32  © 83  0 a^  ® ...  0 92  1 0 t^  ) 


thus 


■7T 


f2lT 


0 J 


sine  s(e,4))d(j)de 


rir 


r27r 


-21. 


0 J 


sine  O r®^^)d(j)de 


SO[ 


TT 


j 


2tt 


i^^^sine  r®^^d(j)de] 


= so[f 

•'0  JQ 


dn] 


SOD 


4tt 


(2£+l)! 


S(l---2£)  I®^] 


by  Theorem  2 above.  Hence 

fir  r2iT 


0 •' 


0 

4tt 


(2£+l)! 


sine  s(e,4>)d(j)de 


SO  [S(1--.2£)I®^] 


= -jT. 
2£+l  ^ 


This  proves  Theorem  3. 


Q.E.D. 
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Theorem  4:  If  S and  T are  in  (CE®^)  and 

S ) L P 

s(0.4))  = r'h  O r®^ 
t(e,<J))  = r’^TOr®^ 

then 

^ f 2i?+i  1 1 

S OT  = ^ sine  s(0,c}))t(0,(}))d(j)de 

8Tr(il! ) •'o  ■'o 

Proof:  First  we  claim  that 

C^[S(1---2£)(S  0T)]  = 2{V.)^  SOT 

To  prove  this,  letting  S=S(1  • • •£) (a^  ■ oti)  and 

T = S(1  • • - £)(a^^^  0 a^^2  ® • 0 then 

c\s(l---2£)(S  0 T)] 

= C^{S(1  • • *2£)[S(1  • • - £)(a^  0 0 • • • 0 a^)  0 S(r  * *£) 

^Vl  ® V2®---®^2£^^^ 

= C {S(l  • • *2£)[S(1  • • *£)S(£+1  • • *2£)(ai  0 EI2  0 • • • 0 a^  ® i 

0 •••  0 ^29)'^^ 

= (£!)^C^S(1...2£)(a^  0 32  0. -.032^)} 

= 2(£!)^[S(l...£)(a^  0a^0  •••  0 a^)]  O [S(l  • • •£)  (a^^^  0 
= 2(£!)^  S OT 

since  S,T  are  both  traceless,  so  the  only  nonvanishing  terms  are 
pairs  a^.  • aij  with  1 - i ^ £ and  £+1  ^ j - 21. 

To  prove  the  main  theorem,  let  W = S(1-..2£)(S  0 T)  and 
w(0,(J))  = r WQr®^^,  then  from  Theorem  3,  we  obtain 


£+1 


those 
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rTT 


r^TT 


sine  w(e,(j))d(j)d0 


= 2^  (t!)^(s  OT) 


thus 


TT 


0 •'o 

;7T  f2lT 

i 

TT  /•2tT 


2tt 


sine  w(e,(}))d(j)de 


f ^sine  r’^^(WO  r®^^)d(j)de 

0 •’o 


-21 


sine  r''-'"[S(l..-2£)(S  ® T)]  O d<{)de 


0 ■'0 
2tt 


= [ f ^ine  (25,)!(r'^SO  r®^)(r'^TO  r®^)d(j)de 

J n J n 


= (2H)! 


n 


rZlT 


sine  s(e,<j))t(e,(j))d(j)d0 


implies  that 


TT 


2tt 


sine  s(e,(j))t(0,(|))d(j)de 


= tIMt  0 T) 


This  proves  Theorem  4. 


Q.E.D. 


Another  result  which  follows  from  this  is 

•TT  |•2^T 


Sine  s(e,(j))  t(e,(j))d(})de  = 
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